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ABSTRACT 


This  report  Is  based  on  the  observation  that  the  gentleness 
condition  defined  with  the  aid  of  a  Holder  condition  is  ''local'' 
and  that  for  perturbations  of  finite  rank  the  Friedrichs' 
equation  admits  a  ''formal  solution''.   This  formal  solution 
always  can  be  interpreted  as  a  densely  defined,  possible 
unbounded  bilinear  form.  Then,  roughly  speaking,  a  solution 
which  is  gentle  over  some  interval  plays  the  same  role  in 
constructing  the  spectral  transformation  of  the  part  of  the 
aerator  over  this  Interval,  as  a  gentle  solution  did  in 
constructing  the  spectral  transformation  of  the  entire 
operator. 
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INTRODUCTION 

It  is  an  interesting  problem  to  ask  for  conditions  which 
ensiire  that  two  operators  acting  on  an  abstract  Hilbert  space 
are  unitarily  equivalent.   One  expects  that  this  is  the  case  if 
their  difference  is  small  in  some  appropriate  norm  and  thus  one 
reformulates  the  question  by  asking  which  norms  are  appropriate? 
First  this  question  was  considered  by  von  Neumann,  [CI],  who 
investigated  the  Hilbert-Schmidt  norm  and  showed  it  to  be 
inappropriate.  Later,  Friedrichs,  [B2],  gave  a  very  simple 
example  showing  that  an  arbitrary  small  perturbation  of  rank 
one  can  produce  pointeigenvalues.  Hence  there  is  no  lanitarily 
invariant  crossnorm  which  is  appropriate. 

In  spite  of  this  large  variety  of  inappropriate  norms, 
he  also  introduced,  [B2],  an  appropriate  norm  and  called  it  a 
gentleness  norm. 

In  this  report  we  introduce  the  notion  of  an  operator  being 
gentle  over  an  interval.   For  brevity,  we  shall  refer  to  this 
interval  as  a  gentleness  interval  and  to  the  condition  as  local 
gentleness.   This  notion  of  local  gentleness,  which  will  be 
described  in  Section  2,  is  very  general  and  at  present  we  do 
not  try  to  work  with  it.   Instead,  in  Section  2,  we  also  introduce 
a  rather  special  space  of  locally  gentle  operators  whose  elements 
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are,  in  particular,  operators  of  finite  rank.  Then  we  shall  show  t 
that  for  such  locally  gentle  perturbations,  the  Friedrichs  method 
can  be  applied  to  construct  a  spectral  transformation  for  the  part 
of  the  perturbed  operator  over  a  gentleness  interval  of  the 
perturbation.   Here  and  in  the  following  we  call  the  restriction 
of  an  operator  to  its  eigenspace  .aasociated  with  a  given  interval, 
the  part  of  the  operator  over  the  interval.   In  our  construction 
we  shall  combine  the  gentleness  considerations  with  the  resolvent 
loop  integral  formula  for  the  spectral  projectors,  [E2,c].   The 
important  role  of  this  formula  in  connection  with  gentleness 
considerations  was  emphasized  recently  by  J.  Schwartz,  [B5],  and 
according  to  a  verbal  communication  of  L.D.  Faddeev,  it  will  be 
emphasized  in  his  forthcoming  paper. 

In  Section  3,  we  shall  introduce  a  sufficient  condition  in 
order  that  the  Friedrichs'  equation  admits  a  locally  gentle 
solution  for  locally  gentle  perturbations  of  finite  rank.  We 
shall  see  that,  in  general,  this  solution  will  be  a •'-deri;sely  defined 
bilinear  form.   In  Section  k,   we  shall  consider  locally  gentle 
perturbations  of  rank  one  and  shall  show  the  following:   Under 
the  conditions  of  Section  3,  a  spectral  transformation  of  the 
part  of  the  disturbed  operator  over  a  gentleness  interval  can  be 
constructed  with  the  aid  of  the  solution  to  the  Friedrichs' 
equation.  We  shall  establish  this  by  explicitly  evaluating  the 


3 

1-3 
resolvent  loop  integral.   In  Section  5»  we  shall  show  that  the 
results  of  Section  k   concerning  locally  gentle  perturbations 
of  rank  one  are  typical  for  perturbations  of  finite  rank.  This 
will  be  the  statement  of  the  basic  Theorem  5.I,  of  which  we  shall 
give  several  ramifications.   In  Section  6,  we  shall  combine  the 
theorems  of  Section  5  with  ''.  Friedrichs'  original  theorem  on 
•'small  perturbations''.  This  will  give  theorems  on  perturbations 
which  can  be  written  as  the  surn  of  a  gentle  perturbation  and  a 
locally  gentle  perturbation  of  finite  rank.   This  will  yield  a 
generalization  of  the  main  theorem  of  the  previous  paper,  [b6]. 
In  Section  7,  we  shall  illustrate  how  o\ir  abstract  theorems  apply 
to  certain  differential  operators. 

Finally  let  us  mention  that  the  gentleness  norm  can  be 
replaced  by  a  unitarily  invariant  cross  norm  in  order  to  draw 
the  following  slightly  weaker  conclusion:   The  absolutely 
continuous  parts  of  the  perturbed  and  unperturbed  operators  are 
unitarily  equivalent.   For,  T.  Kato,  [A2,A5]  has  shown,  using  a  . 
lemma  of  M.  Rosenblum  [Al],  that  this  is  the  case  for  trace  class 
perturbations.   Then  M.G.  K^ein  and  M.S.  Birman,  [a6],  showed 
that  this  also  holds  for  relative  trace  class  perturbations.   In 
Appendix  II,  we  shall  illustrate  the  connection  between  the  Kato 
theorem  and  the  gentleness  considerations  by  establishing  a 
special  case  of  his  theorem  using  gentleness  arguments. 


2.1 

The  space  of  locclly  gentle  bilinear  forms. 

Originally  the  notion  of  gentleness  was  defined  for 

operators  by  first  defining  it  for  kernels  and  then  saying 

that  an  operator  is  gentle  if  it  admits  a  gentle  kernel.   We 

shall  proceed  analogously  in  defining  the  notion  of  a  locally 

gentle  bilinear  form.   First,  hov/ever,  let  us  formulate  some 

, — ■' 
definitions  concerning  forms  on  an  abstract  Hilbert  space  ')\  . 

Let  F  be  a  densely  defined  possibly  unbouiided  form  on 
«^£^-  X   cZvp,  ffnd  let  B  be  a  bounded  operator.   Then  we 
define  BF,  the  product  of  the  operator  E  and  the  form  F  to  be 
the  form  determined  by  EF[f,g]  =  F[B  f,g],  where  B  is  the 
adjoint  of  B.   This  form  is  defined  for  those  vectors  f  for 
which  B  f  is  in   Cl")-)*   Since  the  range  of  a  bounded  operator 
need  not  be  closed,  and  the  intersection  of  two  dense  sets 
may  be  empty,  it  may  happen  that  the  form  EF  is  defined  for 
f  =  0  only.   Similarly  we  define  the  form  FE  by  setting 
FB[f,g]  =  F[f,Bg].   Finally  recall  that  P*,  the  adjoint  of 
the  form  F,  is  defined  by  F*[f,g]  =  F[g,f]. 

Next  we  turn  to  the  description  of  the  space  of  locally 
gentle  bilinear  forms: 

1.  Let  n  be  a  separable  Hilbert  space  and  A  on  ^  in  H  £ 
strictly  selfadjoint  operator  with  continuous  spectrvim.  Let 
[5,,  •3^]  be  a  given  interval  and  E^^  the  spectral  projector  of 
A  over  o. 


:\XK 


2.2 

2.  Let   C^    be  s  collection  of  densely  defined  possibly 
unbOTjjnded  forms  on  V]  such  that:   ;? )  The  domain  of  each 
G  in  CS>  ^    is  of  the  form  cID    ^     ^   >    where  \X)  is  dense 
and  possibly  dependent  on  G.   b)  The  finite  sum  of  forms  in 
(^S^  „   is  also  densely  defined. 

3.  Suppose  that  for  arbitrary  E-  and  G  in  Ci?,,,^  the  form 

E^G  is  in  C^    •   Moreover  there  is  a  transformation  I  ^ 
0  a  ux 

which  assigns  to  a  form  G  in  (^  ^   snother  densely  defined 
form  I  'g,  possibly  not  in  Ci 
h.    Let  <^  be  a  subset  of  (Z^   ^„„  such  that  for  every  G  in 
C^-  the  form  E^p  G  =  j""   (E^G)  is  boujided.   Moreover 

r  g\  =  -  r    (gX). 

V/e  say  that  such  a  quadruplet  A,  (S  ,  (S  „,,„,  and  P"   defines 
a  space  of  gentle  bilinear  forms  over  the  interval  [S-j^,^^]  if 
the  following  three  propositions  hold: 

P^  :   To  every  G  in  C5 .,   >  there  is  a  dense  set  such  that 
on  this  set 

aP  G  -  P  GA  =  G  . 

P  :   For  every  G  in  (S>     the  forms  E. P  GG  E.  and  (E_G)  I  (G  E^) 
are  in   (2>.  ,  •   Note  that  E- P  GG  Eo^  is  the  product  of 

■  ■■  ^■— —  —  -■        c.  LI.A  O  O 

the  operator  E^ P  G,  which  according  to  Mo. 4  is  bounded, 

•X- 

and  of  the  form  G  E^. 

0 

P-,:   For  every  G  in  (^ 

P  (E.,G)  P   (C-X)  -  r  (E,gP  (G*E^)  -'r    P  (E.G).gV). 


o 
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Mote  thet  recording  to  proposition  P^  the  form  on  the  right 
side  is  well  defined.   Also  note  that  the  product  of  the  two 
forms  on  the  right  side  is  well  defined,  for  according  to  No. 4 
the  form  P  (E-G)  can  be  identified  with  a  bounded  operator. 

This  notion  of  local  gentleness  is  too  £eneral;  therefore 
we  introduce  simplifying  assumptions  on  A.   We  shall  assume 
that  the  spectrum  of  A  is  of  uniform  multiplicity,  moreover 
the  spectral  measure  is  absolutely  continuous.   Then  according 
to  the  spectral  theorem  for  strictly  selfedjoint  operators 
this  is  equivalent  to: 
Condition  2.1 

The  operator  A  is  unitarily  equivalent  to  M,  the  multi- 
plication operator  on  ^^(X,  Fi    ),  where  ^  is  the  restriction 
of  the  Lebesgue  measure  to  some  closed  set. 

For  brevity  from  now  on  v/e  assume  that  A=M,  and  we  turn 
to  the  description  of  a  special  space  of  locally  gentle  bi- 
linear forms.   For  this  purpose  we  need  the  notion  of  the 
dyadic  product  of  two,  possibly  unbounded  linear  forms.   Let 
<^   -  be  a  dense  set  in   Pi  and  let  "^^  ^  be  the  set  of 
possibly  unbounded  forms  on  .3^  ,  .   Similarly  define  the  sets 
^       and  c2)|.   The  dyadic  product  of  the  pair  f ^  ^  S^  i 
end  f^  ^  <iD  t   is  the  form  on  cirv  ^  ^  "^2  ^^^^"^^^  ^^ 

(f^  >  <  f:^){g^,S2^    =  ^  ^I'^l  "  ^   f2''^2  ^   • 
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Here  <   f^jgn  *•  is  the  vslue  of  the  form  f,  applied  to  g,  . 

In  case  the  forms  f,  and  f^  are  bounded  they  can  be  Identified 

with  vectors  f,  and  fp  in  p{  ,  and  similarly  the  bilinear 

form  f,  >  <  fp  can  be  identified  with  an  operator  on  ^\     . 

Then  this  operator  is  the  dyadic  product  of  the  vectors 

f,  and  fp  and  we  write 

^1  ^  '^  ^2  =  ^lC^^2  • 

The  dyads  entering  the  description  of  our  space  of 
locally  gentle  bilinear  forms  will  be  more  special,  f dry . 
they  will  be  defined  on  an  <=i- --space,  instead  of  an  abstract 
Hilbert  space,  and  so  we  can  require  that  the  1-forms  enter- 
ing them  can  be  identified  with  measurable  functions.   More 
specifically  let  f  be  such  a  1-form.   Then  we  require  that 
the  domain  of  f  is  of  the  form  kj  ^^{S    ),  and  that  there 

is  a  measurable  function  f(x)  such  that  |f(x)|  <  h  on  S 

—      n 

moreover 

<  f,g  >  =  /  f(x),g(x)  dA(x)   for  g  e--^2^^n^  * 

For  brevity  we  call  such  a  1-form  a  measurable  1-form,  and 
the  dyadic  product  of  tv/o  such  1-forms,  a  measurable  2-form 
of  rank  one.   Measurable  forms  have  the  important  feature 
that  they  are  densely  defined  and  their  sum  is  also  densely 
defined. 

Once  a  form  can  be  identified  with  a  measurable  function 
we  can  assign  the  properties  of  the  measurable  function  to 
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the  corresponding  form.   For  exsnple  let  f  be  £  A-mees\Jirable 
function  defined  v/ith  the  possible  exception  of  s  set  of 
X-meesure  zero.  \le   shsll  s£y  the  t  f  is  Holder  continuous  if 
ofter  setting  f=0  on  the  exceptionel  set,  the  extended  function 
is  Holder  continuous  on  (-co,-t-oo).   Using,  this  notion  of  Holder 
continuity  v;e  shell  also  say  thc.t  the  corresponding  form,  or 
fmictioncl  is  Holder  continuous. 

The  spgce  (S>  (a/[  J-j_,  5^],  ^  ,  n  ) 

Let  [j-ijOp]  be  z   given  bounded  interval.   Then  \ie   first  define 

the  space  (^ ^        to  be  the  set  of  those  measure ble  2-forms 
c  ux 

of  finite  rank  which  can  be  written  as 

G  =  T~  h;  >  <  g;     g;  e  JToOv,  ^    )  • 


Next  define  (5p  {a/[oj^,d^],    X  ,  H  )  to  be  the  subset  of 
(3z>  consisting  of  those  forms  to  which  there  is  an  interval 

[6,,  5"^]  O  [j-,,  j^],  such  thct  the  form  is  c-Holder  continuous 
on  [o-,,5p];  that  is  the  functions -^  h^  ^  and  ^g^^   sre  a-Holder 
continuous.   Note  thet  in  view  of  our  extension  convention, 
in  the  special  case  S,  =  [3-i,^o]>  this  condition  requires  in 
particular  that  the  functions  vanish  at  the  end  points-   To 
complete  the  gentleness  structure  set 

n  rfr  v1  -   G(x,y) 
(2.1)  I   £'-lx,y;  -  ^,  _  y  ^  ^_ 

and  define 

<  f,  r  Gg  >  =   lim  <  f,  P^Gg  >  ,  for  f,g  C  o[  g^^n^* 

e— >+o 
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Finally  in  cese  [5,,2p]  is  an  unbounded  interval  define 
the  form  G  to  be  gentle  over  f^^^/Jg]  if  it  is  gentle  over  any 
bounded  sub interval.   In  Appendix  I,  we  shall  show  that  the 
quadruplet  M,  p,  Cl>  .^,    £nd  CS    io./[o^,f.^],    X  ,  ^7  )  de- 
fines a  space  of  gentle  forms  over  the  interval  [o,,Cp];  that 
is  we  shall  establish  the  validity  of  the  propositions  stated 
in  the  beginning  of  this  section. 

Note  that  our  space  of  locally  gentle  forms  overlaps 
vjith,  but  does  not  contain  the  corresponding  space  of  gentle 
operators.   For,  vre  have  required  explicitly  that  our  locally 
gentle  forms  are  of  finite  rank,  v;hile  a  gentle  operator  need 
not  be  of  finite  ranlc.  We  made  this  simplifying  assumption 
in  viev;  of  the  fact  that  for  such  forms  the  condition  of 
local  gentleness  and  the  theorems  concerning  it,  can  be 
established  in  a  particularly  simple  manner.  Let  us  also 
note  that  the  definition  of  the  form  Pg  is  not  restricted 
to  forms  of  finite  rani:.   Nevertheless  ii'  G  is  of  finite  ranlc 
the  form  pG  can  be  describee  vrith  the  aid  of  the  Hilbert 
transformation,  and  we  can  obtain  properties  of  pG  from  the 
corresponding  properties  of  tne  Hilbert  transformation.   More 
specifically  we  claim  that  if  G  =  g,  >  <  En     then 

(2.2)       <  f^,  pG  fg  ^  =  <  f^_,  SiH_^82i2  " 
where 

r   (sp(y).fp(y)) 

H..  gpfot^)  =  /   — ^ eMir)   -1-  i7r(fp(x),gp(x))  . 

'  ^      y-x  '^  '^ 


2.7  ^  ^° 

Finally  v;e  shall  neeci  the  following  generalization  of 
the  notion  of  a  locall;-  £;entle  function: 
The  space  of  locally  polite  functions, 

^(c:/[5^,62],7.A,  f\  ). 

Let  the  function  p  be  measurable  with  respect  to  the 
measure  A  and  set  as  before  p=0  on  the  exceptional  set. 
S\ippose  that  p  is  such  that  there  is  a  point  x  in  [S-^jS^] 
and  a  number  C,,    satisfying  the  conditions 

a)  p  is  a-Holder  continuous  in  the  intervals  [5n,x  -  C]> 

b)  for  every  7  >  I7I  the  function  (x-x  )  p(x)  is  a -Holder 
continuous  in  [ 5, , 5p] . 

Then  v;e  define  the  space  ^^^(a/[  5, ,  Sg]  57;X,  P)  )  to  be 
the  set  of  finite  linear  combinations  of  such  functions. 
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Solution  of  the  Friedrichs'  equation  for  locally  gentle 

perturbations  of  finite  rank. 

According  to  the  sonsiderations  of  Friedrichs,  [B2,B7]j  one 

can  construct  a  spectral  transformation  of  the  operator 

M+K,  with  the  aid  of  the  solution  of  the  equation 

(5.1)     (l.-rQ)K  =  Q   . 

Originally  one  was  seeking  a  solution  Q  to  this  equation 

in  the  class  of  gentle  operators;,  a  class  for  which  \~Qi 

was  a  bounded  operator.   As  mentioned  earlier,  this  report 

is  centered  around  the  observation  that  it  is  useful  to 

know  whether  this  equation  has  a  solution  in  the  class  of 

locally  gentle  forms  and  we  shall  take  up  this  question 

in  the  present  section.   We  start  with  a  limiting  case: 

a  )  Case  of  arbitrary  selfad.loint  perturbations  of  finite  rank. 

We  maintain  that  for  perturbations  of  finite  rank 
equation  3-1  always  admits  s  solution  Q  in  Ci::,,,,^-   More 
specifically  v;e  maintain  that  there  exists  a  form  Q  m   _„^ 

such  that  the  product  of  "t^^®..   form  P'Q  and  the  operator  K, 
I  ^  ^^densely  defined,  moreover     equation  3-1  holds  on 
a  dense  set. 

First  let  us  assume  that  this  is  the  case  and  let  us 
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determine  Q.   It  is  v;ell  toovm  that  an  arbitrary  selfadjoint 

operator  of  finite  rank,  K,    can  be  written  as; 

n 

(3.2)  K  =  ^  A   ic   0  k   , 

i=l   ^   ^      1 

where  the  fi^-T  are  the  normalized  eigenvectors  and  the 

/a^  V   are  the  corresponding  eigenvalues.   Insertion  of  this 
fact  in  (3-1)  yields  that, 

(3.3)  Q  =  ZI  h^  ><  \A<^      . 

Iiiserting  this  relation  in  (3.1)  again  and  using' 
that  the  functions  \l<...  {     are  linearly  independent,  we 
obtain  a  system  of  equations; 

(3.4)  1  +  nilii-.  X  A  k  )k.  =  h 

-j   J     J  d  -'-    -'- 

i=l,2,...n. 
By  assumption  Q  is  in  (^'   ,  hence  each  of  the  forms  )  h . ( 

can  be  identified  with  a  measurable  function  which  we  denote 

by  ]  h..  (  again.   Then  according  to  the  previous  section, 

the  form  ]  (h.  ><  k.)k.  can  be  identified  with  a  measurable 
J     J   -'- 

function,  moreover  this  measurable  function  can  be  expressed 
in  terms  of  the  augmented  Hilbert  transformation; 

(3.5)  Rh.  ><k  )k.(x)  =  h.(x)Hjk.(.),k  (.))(x)   . 
Finally,  inserting  this  relation  in  (3.4)  we  obtain  the 
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following  system  of  linear  equations  for  the  untaovni  functions 
(3.6)    A(x)h(x)  =  k(x) 


with 


A 


.  Ax)   =  5^  ,+>,..  H  (k,  {•  ),k,(-  ))(x) 


(k.(y),k.(y)).  .  ; 
(3-7)  =  5..  ,  -1-  7..  {  —^ —J dA(y)-i7r(k.  (x),k,.(x) 

v/here  5.  ,  denotes  the  Kronecker  sj^inbol.   Hence  in  (3.3)  and 

(3-6)  we  have  found  an  equation  for  the  solution  Q. 

Note  that  the  vectors  k(x):  ^k.(x)  |  ,  h(x):  )h  (x)| 
are  elements  of  the  n-orthogonal  sum  of  );(^  with  itself,  vjhich 
v;e  denote  by  j|    ,   Equation  (3.5)  is  an  equation  on  ){         , 
A(x)  maps  yi  into  )'(      and  the  associated  matrix  is  a 

numerical  valued  matrix  ivhich  we  denote  by  A(x)  again.  Also 
note  tnat  this  matrix  is  defined  almost  everywhere  only  as  a 
Ciuchy  principle  value. 

Next  V7e  claim  that  the  form  Q  defined  by  equations  (3-3) 

and  (3.6)  is  in  fh       ,    which  amounts  to  the  statement  that  the 
'^         "-^aux 

functions   <  h,  /  entering  it  are  measurable.   In  order  to 
establish  this  fact  v;e  first  note  that  the  matrix  A(x)  is 
measurable.   For,  according  to  the  £, -version  of  the  Plemelj- 
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3.4 


Prlvalov  theorem,  [  EJ>      ],    this  matrix  is  the  a.e.  boundary 
value  of  the  matrix 

ij      ij    J  J         "^  d.A(y)  . 

y-z 

Hence  almost  everywhere  it  is  the  pointwise-  limit  of  a  family  of 
■measurable  matrices  end  so  it  is  measiArable.   Next  we  note 
that  this  matrix  admits  a.e.  an  inverse  which  is  measurable 
in  view  of  the  fact  that  A(x)  is  measurable.   At  this  point  we 
make  essential  use  of  the  fact  that  A(z)  can  be  identified 
with  the  matrix  of  the  perturbation,  (M,  M+K),  and  according  to 
S.T.  Kuroda,  the  boundary  value  of  the  perturbation  matrix  is 
almost  everywhere  invertible,  [  a8  1 •   Therefore,  the  functions 

? h.  (  defined  by  equation  (3«5)  are  measurable  and  hence 
the  form  Q  defined  by  (30)  is  in   (J7  ^„^- 

The  argujnents  leading  to  equations  (3' 3)  snd  (3-S)  show 
that  in  order  that  a  form  Q  in  Cb^   „  should  satisfy  equation 

cjUX 

(3.1)  it  is  necessary  that  (3-5)  end  (3-6)  should  hold.   The 
same  argument  also  shows  that  for  o  form  Q  in  (^  ^   this 
condition  is  also  sufficient.   Therefore,  from  the  statement 
of  the  previous  paragraph  we  conclude  that  for  an  arbitrary 
self adjoint  perturbation  of  finite  rank  the  Freidrichs'  equation. 
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(3-11),  admits  a  solution  in  U^^^,.*   Most  likely  this  is  sll 
that  one  can  say  about  the  solution  in  general;  therefore,  we 
Introduce  additional  assumptions  in  the  following. 
b)   Case  of  locally  gentle  perturbations  of  finite  rank. 
First  let  us  assiome  that  the  previous  operator  K  is  gentle 
over  some  bounded  interval  [o, ,5p].   Then  we  ask  the  question. 
Does  this  ensure  that  the  solution  h(x)  to  (3-^)  is  gentle  over 
[5,,52]?  From  the  local  gentleness  of  the  eigenf unctions  we  infer 
in  view  of  (J.?)  the  local  Holder  continuity  of  the  matrix  A(x). 
Now  this  matrix  has  tv;o  types  of  exceptional  points. 
Those  at  Which  the  integrals  deflng  the  the  matrix  .. 
elements  fail  to  exist  in  the  sense  of  Cauchy's  principle 
value  and  those  at  which  the  matrix  A(x)  is  not  Invertible. 
For  brevity  let  us  call  them  exceptional  points  of  the  first 
and  second  type.   Novr  the  gentleness  of  K  over  [5,,52]  ensures 
that  the  matrix  A(x)  has  no  exceptional  points  of  the  first 
type  in  [5,,5p].   Nevertheless  we  maintain  that  exceptional 
points  of  the  second  type  may  exist  in  the  Interval  i^-^^'o^]' 
For,  In  the  previous  paper  [  b6   ]  we  gave  an  example  of  a 
gentle  perturbation  of  rank  one  for  which  the  ira  trix  A(x)  was 
not  invertible,  moreover  the  Frledrlchs'  equation  had  no  gentle 
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solution.   V/e  rise  introduced  a  condition  there,  which  excluded 
such  examples.   Wow  we  observe  that  this  condition  is  local, 
for,  in  a  slightly  generalised  form,  it  reads  as  follows: 
Condition  [ 5, , o^ ] 

The  set  of  pointeigenvelues  of  M+K  on^'.;'-J(a,  g-l,  >>,  <a.)is  disjoint 
from  the  closed  Interval  [  ..  ,  "^^ ] . 

Next  v;e  shall  establish  the  fact  that  uiider  this  condition 
the  previously  constructed  solution  to  equation  (5-1)  is  gentle 
over  the  interval  [o, ,6^]  which  we  assume  to  be  bounded.   More 
specifically,  vre  shall  establish  the  following  theorem: 
Theorem  3-1 

Let  K  be  a  self -ad  joint  operator  of  finite  rank  on  .Cg(A,  )(   ) 
which  is  gentle  over  the  interval  [o..,"^^].   Suppose  that  the 
operator  M+K  satisfies  Condition  [  tj-'qI-   Then  for  the  operator 
K  the  Friedrichs'  equation,  (3.1),  admits  a  gentle  solution  In 
the  interval  [6^,b^]. 

This  theorem  is  a  slight  generalization  of  a  previous 
theorem,  [  B6  ] ,  inasmuch  as  it  is  local  and  there  is  no 
restriction  on  the  Holder  exponent  c  entering  the  definition 
of  gentleness.   The  prrof  is  quite  analogous  to  the  previous 
proof,  nevertheless  for  the  sake  of  completeness  let  us  carry 
out  the  details. 

Since  by  assumption  [o  ,5p]  is  a  bounded  closed  interval 
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3-7 
the  quotient  of  two  functions  which  are  gentle  in  this  interval 
is  gentle  provided  that  the  denominator  does  not  vanish.   Hence 
the  functions  (h.^  entering  equation  (3«6)  will  be  gentle 
provided  that  the  matrix  (3.7)  is  invertible.   Therefore,  in 
order  to  establish  the  theorem,  it  suffices  to  establish  that  the 
matrix  A(x)  is  locally  invertible.   Now  it  is  an  important  fact 
that  this  is  implied  by  the  Condition  [o^,0  ].   We  formulate  the 
contapositlve  of  this  implication  in  the  following  basic  lemma: 
Lemma  3 • 1 

Suppose  that  the  value  x  e  SJ""i[ 5.^,5^]  is  such  that  the 

operator  A(x  )  is  not  Invertible  on  Z  .  the  n-dlmenslonal 
— *- i — o-^ — nr 

complex  Euclidean  space.   Moreover,  let  a  Z  be  a  nonzero  vector 

for  which  A(x)a  =  0.  Then  the  function 

#,  o\         •   A,kT(x)a^  + +  A  k  (x)a 

l3«o)       g{^^  _   111 n  n    n 

is  an  eigenfunction  of  the  operator  M+K  on  ^-^"^l  ,^„PVi^o-^  >  '^~-^>    ^'   ^1 
with  eigenvalue  x  . 

This  lemma  overlaps  with  a  lemma  of  Friedrichs,  [Bl,  a],  concerning 
possibly  non-selfadjoint  operators  K.   It  assumes  more  and  it 
concludes  more  inasmuch  as  it  assumes  that  K  is  selfadjoint 
and  it  concludes  that  the  eigenfunction  blows  up  near  the 
exceptional  value  a  ,  as  a  fractional  power  of  the  independent 
variable. 
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V/e  start  the  proof  of  the  lemma  by  recalling  the  selfadjoint 
version  of  the  said  leiTima,  which  refers  to  the  operator  M+K  on 
j^(a,  c-1,  X,  )y  ).   More  specifically  on  this  space  there  are 
several  operators  which  can  be  defined  with  the  aid  of  the 
gentle  kernel  K(x,y).   The  operator  entering  the  lemma  is 
defined  by 


Ks(x)  =  j  K(x,y)  |i^  dA(y)  +  iTr  K(x,x^)g(x^)  , 


for 

g(y)  =f4   . 

Since  by  definition^(c:,  c.-l,  \,  )'(  )  is  the  set  of  finite 

linear  combinations  of  such  functions,  K  is  well  defined  on 

the  entire  space.   Then  using  these  notations  we  have  the 

following  which  is  essentially  due  to  Friedrichs  [Bla]: 

Lemma  3' 2 

Suppose  that  the  value  x^  is  such  that  the  operator  A(x^) 

is  not  invertible  on  Z  ,  moreover  e  is  a  nonzero  vector  for 
x^i = — 

which  A(x  )&  =  0.   Then  the  function 


•X  k  (x)a   + +  Vl^^„(x)a 

(5.3)     g(x)  ^  ±1-       1  n  n    n 


^-^'o 


is  an  eigenfunctlon  of  M+K  on  -'}  i  [o. ,  Or-\ ,    A>  yT  )  with  eigenvaluex^. 
Next  we  need  an  elementary  fact  on  iTolder  continuous  functions, 
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According  to  Musldielishvlli,  [El,b  ],  if  the  function  i   is  Holder 
continuous  v;ith  exponent  a   near  x-x  and  0  _<  cT  <  a,  then  the 


function 


;,.^   .i(x)  -  f(x^) 


gr:c)  = 


o' 


(x-x^r 


is  Holder  continuous  near  x  with  exponent  (a  -  a)-   From  this 
fact,  from  the  definition  of  the  spacej^(c:|.[&-j^-,  5^},  ^a^l,^  j  ), 
and  frora  the  previous  lemma  v/e  conclude  that  in  order  to 
complete  the  proof  of  the  basic  lemma  all  that  we  have  to 
establish  is  that  the  numerator  of  (3.8)  vanishes  at  x  .   This 
is  the  statement  of  the  next  lemma: 
Lemma  ^ . 3 

Suppose  that  x  is  the  exceptional  value  entering  the  two 
previous  lemrflas,  and  A(x  )a.  =  0.   Then 

A^k^(x^)a^  + +  Vn^^^o^^n  =  °- 

Let  .i(x)  denote  the  expression  on  the  left  of  this  equation 
that  is 

(3-9)         x;(x)  =  A^k^(x)a^  + +  V^n^^^^'n  * 

Then  we  maintain  that  this  function  is  closely  related  to  the 
imaginary  part  of  the  matrix  /\l\{7.) ,  where  /\  is  the  matrix 
formed  by  the  nonzero  eigenvalues  of  K.  i'More.' specifically  we 
claim  the  follov/ing: 
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Proposition  3-1 

Let  the  operator  C(x)  be  the  imaginary  part  of  A   ^(^) 
and  let  the  function  x^x)  be  defined  for  an  arbitrary  vector 
a.€-Z  by  (3.9).   Then  the  Inner  product  (a.,  C(x)3.),  taken  In 
Z  ,  equals  Tr-tlmes  the  square  of  the  norm  of  f(x)  taken  in  ^^7  , 
that  is 

(3.10)  (a,C(x)a)  =  TTJ  f(x)|^ 

This  statement  is  an  immediate  consequence  of  the  defining 
equation  of  A(x).   For,  we  see  from  (3-7)  that  C(x),  the 
imaginary  part  of  A  A(x),  is  given  by  the  matrix 

(3.11)  ^ij^^^  =  ^^i^j  (l^i(^^>  kj(x))   . 
Now  clearly 

(a,C(x)a  =  TT  £;]  a  Yy.\,    (k  (x),k  (x))  a 

=  TT  ^_  (A^k^(x)a^,  Ajkj(x)a^  )  = 

=  7rlA^k^(x)a^  + "^  V^n^^^'^n'  =  '^\  ^^^\ 

and  relation  (3. 10)  is  established. 

Next  vre  need  a  simple  but  Important  corollary  of  this 
proposition: 
Proposition  3*2 

The  nullspace  of  the  operator  /\    A(x)  equals  the  Intersection 
of  the  nullspaces  of  the  real  and  Imaginary  parts  of  A  A(x). 


21 


3.11 


Note  that  this  statement  is  not  true  for  arbitrary 
operators  acting  on  Z  .  it  depends  on  the  specific  form  of 
A(x),  which  in  turn  depends  on  the  fact  that  the  matrix  A(x) 
is  associated  with  a  self-adjoint  perturbation  K.   On  the  other 
hand,  once  the  statement  is  observed,  its  validity  follows  from 
the  previous  proposition  and  from  the  fact  that  the  i   component 
of  the  vector  C{x)a,    (C(x)a_)i,  is  given  by  the  formula, 
(C(x)a)^  =  (A^k^Cx),  f(x)  )   . 

Now  from  these  propositions  we  can  easily  derive  the 
statement  of  the  lemma.  For,  by  assumption  A(x  )a_  =  0,  hence 

A  A{x  )a_  =  0  and  (a_,   A  ^(x^)^)  =  0.   Now  in  view  of  the 
fact  that  the  imaginary  part  of  the  leftside  is  {a_,  C(x^)a_  ) 
we  conclude  from  Proposition  3.1  that  i"  (x^)  =  0.   This  by 
definition  means 

V^l^^o^^l  + •"  Vn^^o^^n  =  °> 

that  is  Lemma  3.3  is  established,  which  in  turn,  establishes 

the  basic  Lemma  3'1  and  Theorem  3'1- 
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Locally  gentle  perturbations  of  rank  one. 

Let  K  be  a  selfadjoint  operator  of  rank  one  which  is 
gentle  over  some  interval  [5, ,5^]  which  we  assume  to  be 
bounded.   In  other  words  K  is  an  operator  of  the  form 
K  =  -  k  (x)    k,    where  the  function  k  is  gentle  in  [8-,,6  ] 
in  the  sense  of  Section  2.   For  brevity  we  assume  that  the 
nonzero  eigenvalue  of  K  is  one,  that  is  K  =  k  (x)  k  and  |  jk] |  =  1. 

In  this  section  \ie   shall  construct  the  spectral  projectors 
of  M-i-K  over  the  interval  [5  ,5  ].   First  we  shall  show  that 
the  condition  introduced  in  the  previous  section  to  ensure 
that  the  solution  of  the  Friedrichs'  equation  is  locally 
gentle  also...ensures  the  following:   The   disturbed 

resolvent  can  be  continued  weakly  on  a  dense  set  onto  the 
interval  [o, ,5p],  either  from  above  or  from  below.   Then  we 
shall  establish  the  important  fact  that  the  spectral  projector 
of  M+K  over  the  interval  [6n,5p]  can  be  expressed  in  terms  of 
the  solution  of  the  Friedrichs'  equation  which  is  gentle  over 
tiis  interval. 

We  start  this  section  with  a  simple  propostion  relating 
the  disturbed  and  undisturbed  resolvents. 
Proposition. 

Let  R(z)  denote  the  resolvent  of  M+k  (x)  k  and  let  R  (z) 
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denote  the  resolvent  of  M,  that  Is  R(z)  =  (z-M-k  x  k)"  and 

R  (z)  =  (z-M)"-*-.   Then  . 
o  


ti{Z)    =  rt    1  zj    +c"* 
where 


(4.1)     R(z)    =  Rq(z)   +a"-^(z)RQ(z)k(x)Rj(z)k 


(4.2)      c(z)    =  1   -    (k,R^(z)k)    =1   -J     OsilLiSlzII  dA(y) 

z-y 

Next  we  turn  to  the  proof  of  the  earlier  mentioned  fact 

that  the  condition  introduced  in  the  previous  section  also 

ensures  that  R(z)  can  be  continued  weekly  on  a  dense  set  onto 

[5^,5^1,  either  from  above  or  from  below.   For  this  dense  set 
1'  2 

we  choose  the  set  of  those  f\Anctions  in  Z^i'Kf^Y  )   which  are 
gentle  in  [5,,6p].   Then  v;e  state  the  more  specific  lemma: 
Lemma  4 . 1 

Suppose  that  K  is  an  operator  of  rank  one  which  is  gentle 
over  [o..,0p]  moreover  the  operator  M+K  satisfies  Condition 
[o  ,5^].   Then  for  every  pair  of  functions  f,g,  which  are  gentle 
in  [5  ,5^],  the  family  of  complex  valued  functions, 
(4.5)  (g,  R(x+ie)f) 

converges  as  £  — >  +  0.   Moreover  this  convergence  is  uniform 
on  the  interval  [o  , 5p3. 

Proof.   According  to  the  previous  proposition 
(4.4)   (g,  R(x+ie)f)  =  (g,  R^(x+i£)f)  + 

+  a"^(x+i£)(g,  R^(x+i£)k)(R*(x+i£)k,f)   . 
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Now  for  convenience  of  notation  v;e  assiame  that  throughout  this 
section  x  denotes  c  point  of  [6,0].  Then  from  the  fact  that 
the  functions  k,f,  and  g  are  gentle  in  the  interval  [5-,6p]  and 
from  the  Plemel j-Primalov  theorem,  [Ei;?],  we  conclude  that 
(4.5)  llm^^  (g.  R„(x«3)f)  =/  Myl^|M)<i„y,+i,(g(,),f(^),, 

moreover  that  this  limit  is  uniform  in  x.  Next  we  maintain  the 
existence  of  the  uniform  limit  of  the  family  of  functions 
a"  (x+is).  For,  from  the. definition  of  this  function,  that  is  fro; 
(4.2)  we  conclude,  as  before,  that 

(If. 6)  llm^  a(x+ie)  =  1  -  /  (^(y  K_k(y) )  dMy)-i7r(k{x),k(x) ) . 

Now  we  observe  that  this  function,  which  we  shall  denote  by 
a(x+),  can  be  identified  with  the  coefficient  function 
entering  '•  .  equation  (3.7)  of  the  previous  section.  Hence 
according  to  Lemma  J>.1   Condition  [6-,>o  ]  ensures  the  non- 
vanishing  of  a(x+)  in  the  interval  [o..,6p].  This  in  turn, 
in  view  of  the  assumption  that  this  is  a  boimded  interval, 
ensures  that  this  function  remains  bounded  away  from  zero. 
Therefore  the  family  of  functions  a"  (x+ie)  tends  uniformly 
to  the  function  g~  (x+)  in  the  interval  [6-,6p],  as  e  tends 
to  +0.   This  completes  the  proof  of  the  lemma. 
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Finally  we  turn  to  the  proof  of  the  fact  that  the 
spectral  projector:  of  M+K  over  the  interval  [6,,5p]  can 
be  expressed  in  terms  of  the  solution  of  the  Friedrichs' 
equation.   More  specifically,  v;e  clsim  the  following: 
Subtheorem. 

Suppose  that  K  is  an  operator  of  rank  one  which  is 
gentle  over  [5  ,5^3,  moreover  the  operator  M+K  satisfies 
Condition  [o  ,6  ].   Then  E,  the  spectral  projector  of 
M+K  over  the  interval  [b-.,6p3,  can  be  written  in  the  form 

(^•7)  E^  =  (i-T~Q*)c.(i+r:Q>)- 

Here  the  form  Q  satisfies  the  Friedrichs  equation  and  is 

gentle  over  [5  ,o^].   The  operator  C  is  defined  by  multiplication 

with  the  characteristic  fxmction  of  [o..>6^]. 

The  proof  of  the  subtheorem  is  based  on  the  "resolvent 
loop  integral  formula",  which  states  the  following,  [E2,c  ]: 
for  an  arbitrary  strictly  selfadjoint  operator  with  corresponding 
resolvent  R(z)  the  spectral  projector  over  the  interval  [5  .Og] 
is  given  by 

(^•8)   Eg  =  _i^  jrR(z)dz  , 

provided  that  the  endpoints  are  not  pointeigenvalues. 
Here  the  integral  is  to  be  taken  as  Cauchy  principal  value 
in  the  strong  sense  arovind  a  family  of  rectangles  over  the 
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Interval  [B^,6o]'   Since  the  resolvent  of  a  selfad Joint  operator 
is  analytic  in  the  complex  plane  cut  along  the  real  axis,  this 
family  of  contours  can  be  deformed  into  the  family  of  lines 
[5,+ie,52+ie],  [5, -ie,5p-ie] ,  which  in  turn  "can  be  carried  on 
the  interval"  as  follows: 

(4.9)   (f.^ali  fR(z)dz)g) 

I 

+0 


2Tri 

6. 


=  -i  lim   /   (f,(R(x+le)-R(x-ie))g)dx  . 


h 

The  operator  M  is  essentially  selfadjoint  and  in  view  of 
the  fact  that  K  is  selfadjoint  and  of  rank  one,  M+K  is  also 
essentially  selfadjoint.  Prom  this  fact  and  from  the  fact 
according  to  the  remark  in  Appendix  III  Condition  [6^,62]  implies 
that  the  endpoints  are  not  pointeigenvalues  of  M+K,  we  conclude 
that  formula  (4.8)  applies  to  this  operator.   Now  choose  the 
functions  f  and  g  to  be  gentle  In  [6^,62]  and  recall  that 
according  to  Lemma  4.1  Condition  [5^^,52]  ensures  that  the  inte- 
grand in  (4.9)  admits  a  uniform  limit.   Insertion  of  this  fact 
in  (4.9)  yields  in  view  of  (4.8)  the  relation 

1     h 

(4.10)  (f,  E^  g)  =  2?r  J   nf,R(x)g)]_  dx  , 

where  1 

[(f,R(x)g)]"^  =  11m  (f,R(x+le)g)-(f,R(x-ie)g)  . 
e — >  +0 

Next  recall  that  according  to  the  proposition 

(f,R(x+ie)g)  =  (f,R^(x+ie)g)  +  a"-'-(x+ie)  • 

(4.11)  .(f,R^(x+ie)k)(R*(x+le)k,g)  . 
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Also  recall  the  simple  relation  on  the  jump  of  en  arbitrary- 
triple  product. 

On  the  otherhsnd  using  that  the  functions  f  and  k  are  gentle 
in  [6, ,5p]  the  Plemel j-Privalov  theorem  yields 


(4.12)  and 


{f,R^(x  +  )  k)  =  H  t  fk(x) 


[(f,R^(x)k)]+  =  27ri  rk(x)    . 
Therefore   from   (4.11)   we   obtain, 
[(f,R(x)g)]+  =  27rl   fg(x)    +   [a-^(x)];^  H/k(x).      H^%(x) 

(4.15) 

+  a"-'-(x-)»2Tri   fk(x)  .H_^gk(x)    +  a"-'-(x-)H_rk(x)  .2iri  kg(x)    . 

Finally  we  complete  the  proof  of  the  subtheorem  by 
showing  thct  this  expression  can  be  evaluated  in  terms  of  the 
solution  of  the  Friedrichs'  equation.   This  requires  some 
algebraic  manipulations.   First  we  need  the  formula 
[^"■'■(x)]^  =  27ri  a"''-(x+)k(x)  .   ©"■'■(x-)k(x)  , 
v;hich  is  immediate  from  (4.2),  the  definition  of  a(z),  and 
from  (4.12).   Next  v/e  need  the  fact  noticed  earlier  that  the 
function  o;(x+)  can  be  identified  with  the  coefficient  function 
entering  equation  (3-7)  •   Therefore 
(4.14)    [o:"^(x)]'^  =  27ri  h  h(x)  , 
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where  the  function  h(x)  is  the  solution  of  (3.7)'   Now  for 
simplicity  we  assume  that  k  is  real;  insertion  of  this  fact 
£nd  (4.14)  in  (4.13)  yields 

(4.15)  2^  [(f,R(x)g)]^  =  fg(x)  +  hH^k  g(x).  hH^fk(x)  + 

+  h  f  H^  kg(x)  +  h  g  H_  f  k(x)   . 
Next  consider  the  1   trsnsformation  introduced  in  Section  2, 
which  assigns  &  densely  defined  form  to  a  form  in   OOq,,v* 
We  maintain  that  for  the  particular  form  h><k  the  form 
Co"!  (h><k)  can  be  identified  with  an  operator.  Fcr ,  according 
to  (  2.2  ) 

<Ccf,  r"(h><k)g>  =  <f,  C^^kg>  , 
and  since  g  is  gentle  over  [cj^,b^],   the  function 
hH  kg  is  in  Z^t    hence 

'•  <f,C^_^kg>  =    (r,C^_^kg). 
That  is  the  form  T~(h><k)  can  be  identified  with  the 
operator  in  the  bracket,  in  short 

(4.16)  C-T~(h><k)  =  C-hH  k  . 

0  0    + 

This  statement  is  in  accordance  with  Theorem  5-l>  which  states 

that  under  Condition  [5,,6p]  the  Friedrichs'  equation  adjnits  a 

locally  gentle  solution,  and  with  the  fact  that  for  a  locally 

gentle  form  Q  the  form  C.T~G  is  bounded.   Presently,  however, 

we  do  not  need  the  boundedness  of  C^T~(h=^^k),  all  that  we  need 

o 
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is  that  this  operator  is  defined  for  locally  gentle  functions. 
Now  we  have  seen  that  the  operator  hH  k  maps  such  functions  into 
such  functions  and  hence  if  x  is  a  point  in  [S^jSg],  the  function 
value  hH  kg{x)  is  well  defined.   Combining  this  fact  with  rela- 
tion (4. 16)  and  remembering  that  according  to  our  convention  x 
always  denotes  a  point  in  [5,,6p],  we  have  the  following 
relations: 

h  H_^  k  g(x)  =  Rh  X  k)g(x) 


(^.17) 


h  H^fk(x)  =  h  H_  Ic  f(x)  =  TCh  ><   k)f +2Tri  k  h  f(x) 


h  H_fk(x)  =  h  H_j.  k  f(x)  =  FCh  ><  k)f(x) 
Hence  insertion  of  (4.17)  in  (4.15)  yields: 


^  [f,R(x)f)]^  =  fg(x)  +  r(h  X  k)g(x)-r(h  X  k)f(x) 

+  27ri  k  h  f  (x)  .r(h  ><  k)g(x) 


+  h  f(x)H^kg(x) +g(x) -plh  ><   k)f(x) 


Now  it  is  a  matter  of  a  simple  algebra  to  derive  from  the 
definition  of  the  function  h  the  relation  (l+2irikh)h  =  h,  which 
holds  in  view  of  our  simplifying  assumption  that  k  is  real. 
From  this  we  conclude 


^  [(f,  R(x)g)];^  =  f  g(x)+  r(h  ><  k)f(x)  .  r(h  ><   k)g(x) 


(4.18)       +  f(x)  •r(h  ><  k)g(x)+  r(h  ><  k)f(x)  .  g(x)   . 
Finally  Inserting  this  relation  in  (4.10),  using  that  according 


■;t''T''' 


e.r:^  n;<- 


S-L  -■•; 


.',..    1  ■■ 


i~ 


f       A-  >   i. 


■:f:U.'\S.:. 
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to  the  local  gentleness  propositions  the  operators  Gj^Plhxk) 
and-fCk  ><  h)C,.  are  adjoints  to  each  other  we  obtain 
(f,  E^g)  =  (f,  C^)  -  (f,  F(k  X  h)C^  (h  ><  k)g) 

+  (f,  C^  T~(h  X  k)g)  -  (f,  C-T(lc  X  h)g)  . 
This  in  turn,  in  view  of 

(i-rQ*)Cp^(i+rQ)  =   c^  -  FQ*C5  +  c^TQ  -  FQ*C-r~Q 

and  C.fQ  =  FCgQ  =  T(Cj^h  ><  k),  "PQ^Cg  =  FQ*C-  =  -F(l<  ><   Cgh) 

yields: 

(f,  E.g)  =  (f,  (l-R^OC^d+raig)  . 

o  ■■ '        ^ 

Since  the  set  of  functions  gentle  in  [6^,62^  ^^  dense  in 
•1^2^^'  ^T  ^  ^^^^   relation  establishes  relation  (4.7).   In 
other  words  the  subtheorem  has  been  established. 
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Locally  gentle  perturbation  of  finite  rank. 

In  this  section  we  shall  show  that  the  previous 
statements  on  perturbations  of  rank  one  are  typical.   As 
a  matter  of  fact,  we  shall  show  that  if  K  is  an  operator 
of  finite  rank  which  is  gentle  over  [o,Up]  and  the  operator 
M  +  K  satisfies  Condition  [6,Up],  then  the  spectral 
transformation  of  the  part  of  M  +  K  over  ["^i^^o^  ^^^  ^® 
expressed  in  terms  of  the  solution  of  the  Prledrlchs 
equation. 

V/e  start  with  a  lemma  relating  the  perturbed  and 
unperturbed  resolvents.   It  is  a  corollary  of  a  theorem 
of  Fredholm,  [  E5  ],   and  was  emphasized  by  Aronsa^Jn 
and  Weinstein. 
Lemma  5 » 1 

Let  K  =  T~   Kk.  (x)  k. ,  let  z  be  a  point  in  the  resolvent 

■       1        1 

set  of  M  and  set  (z  -  M)"   =  R  (z).   Then  a  necessary  and 
sufficient  condition  for  z  to  be  in  the  resolvent  set  of 
M  +  K  is  that  the  matrix 

(5.1)  A.j(z)  =  ..J  -  (Kk.,R^(z)kj) 

is  invertible.   Moreover  in  this  case 

(5.2)  R(z)  =R  (z)  +r~     A:^(z)R^(z)Kk.  ®R*(z)k   . 

J-  J  J 


rix 
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This  lemma  is  an  immediate  consequence  of  the 
relation 
(5.3)  R(z)  =  (z  -  M  -  K)'^  =  R^(z)  (1  -  K  RqCz))""^ 

which  in  turn  is  a  consequence  of  the  relation 

(z  -  M  -  K)  =  (1  -  K  R  (z))(z  -  M):   For,  according 

to  the  previously  mentioned  theorem  of  Fredholm  [     ], 

the  operator  (1  -  K  H   (z))    is  invertible  if  an  only  if 

the  matrix  of  the  lemma  is  invertible  and  in  this  case 

(1  -  K  R^(z))"^  =   1    +^   A^J  (z)  Kk^  X  R*(z)kj  . 

This  in  view  of  (5.5)  establishes  the  lemma.   Note  that  the 

matrix  A.  .(z)  depends  on  the  particular  dyadic  representation 

■J-  J 

of  K,  but  its  determinant,  the  Fredholm  determinant  of 
1  -  K  R  (z),  depends  only  on  the  operator,  for  it  is  the 
product  of  the  ei(;,envalv.es  of  this  operator. 

Next  vje  maintain  that  Lemma  ^l.l  of  the  previcTLis  section 
rem^.ins  valid  for  operators  of  finite  ranlc.  More  specifically 
v/e  maintain  the  following: 

Lemma  3 . 2 

Suppose  that  K  is  an  operator  of  finite  rank  which  is 

gentle  over  [5,,'Qp]  furthermore  the  operator  M  +  K  satisfies 

Condition  [j..o^].   Then  for  every  pair  of  functions  f,g  which 

are  gentle  in  [j-,o^],  the  family  of  complex  valued  functions, 

■  ■    ■     ■  -    "Jj   V   '   ■   ■ 
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(f,  R(x  +  ie)g) 

converges  as  £— >  +  0.      Moreover  this  convergence  is 
vmiform  in  x  on  the  interval  [S^^S^]. 
Proof.  According  to  the  previous  lemma, 

(f,  R(x  +  l£)g)  =(f,  R  (x  +  i£)g)  +^     A~]    (x  +  is)  . 

°  i,j  ^^ 

.(f,  R^(x  +  i£)Kk^)(R*(x  +  i£)KlCj,g)  . 

By  assumption  the  operator  K  is  gentle  over  (6,,5p]  hence 
the  functions  k.   are  gentle  in  the  interval  [b-,o^].     From 
this  fact  and  from  the  local  gentleness  of  the  functions  f,g, 
we  conclude,  as  in  the  previous  section,  that  each  of  the 
functions  (f,  R  (x  +  ie)Kk.)  admits  a  limit  as  £  ->  +0, 
moreover  that  this  limit  is  imiform  x.   (Recall  that 
according  to  our  convention  x  denotes  a  point  of  [5,5p]). 
Next  we  maintain  that  this  is  also  true  about  the  family 
of  functions  AT.  (x  +  le) .     For,  from  the  fact  that  the 
operator  K  is  gentle  over  [5,6p]  we  conclude  that 

A{x  +  ie)  — >  A(x+)    as  £  ->  +0  , 
moreover  that  this  convergence  is  uniform  in  x.   Now  in 
analogy  v;ith  the  previous  section  we  observe  that  the 
limit  matrix  A(x+)  can  be  identified  with  the  matrix  (3.7) 
introduced  earlier.  Hence,  according  to  Lemma  J.l 


3---d; 
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Condition  [6-,5p]  ensures  that  this  matrix  has  an  inverse 

and  according  to  assumption  we  work  with  a  bounded 
interval,  hence  the  numerical  valued  function  lA(x+)I 
remains  bounded  away  from  zero.  Therefore 

A'-'-(x+i£)  ->  {A"-'-(x+)    ,  as  £  ->  +0 
moreover  this  convergence  is  uniform  in  x.   This  establishes 
the  lemr.ia . 

Next  we  shall  show  that  the  subtheorem  of  the  previous 
section  remains  valid  for  operators  of  finite  rank.  First, 
hov/ever,  we  have  to  show  that  the  "jiomp"  of  the  family 
of  functions  (f,  R(x  +  is)g)  can  be  evaluated  in  terms  of 
the  solution  of  the  Friedrichs'  equation,  introduced  in 
Section  3-   More  specifically,  recalling  the  notation 
[(f,  R(x)g)];^  =  lim   ((f,  R(x  +  i£)g)  -  (f,  R(x  -  ie)g)), 

£— >+0 

we  maintain  the  following: 
Lemma  5 » 3 

Let  Q  be  a  locally  gentle  form  which  satisfies  the 
Friedrichs'  equation.   Suppose  that  K  is  an  operator 
of  finite  rank  v/hich  is  gentle  over  [5..5p]  and  that  M  +  K 
satisfies  Condition  [5-.5g].   Then  for  any  pair  of  fxmctions 

f,g  in  Z   ('K,yJ      )   v;hich  in  addition  are  gentle  in  [5.,6g], 
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On  the  otherhand,  using  the  well  Icnown  relation  on  the 
jump  of  a  triple  product,  we  obtain  from  (5.1)» 

27i  [(f,R(-)g)]!  =rs(x)  +I:.[a:j  (x)]>/A^k.(x)  .    H^i^^g(x)  . 

For  simplicity  we  assume  that  the  functions  k. (x)  are  real, 
then 

5~"  A?-":  (x-)A.k.(x)  =  ^.h.(x)   . 

Inserting  this  and  (5.6)  in  (5'7)  yields 

^   [(f,R(x)g)]t  =  r  g(x)  +  ^  Ajhj.H^k,g(x).  XL    H^{x)H^>>^k^r(x) 

J 


(5.8) 

+  T"  A.H.  r  H^g  k,(x)  +^A.H.g  H  rk(x)  . 
'J-     J    3  +    J       j   J  J    -     3 

Now  according  to  the  definition  of  the  operator  Q  and 
according  to  the  definition  of  the  1"  transformation  we  have 

XL  h..H  A  kj  g(x)  =  ■rQg(x) 

j   ^   '^ 


|_  A  .h.H,k.f(x)    =^  A  .h.H  k.f(x)      =  TQf(x)   +  27ri  ^  A  k  h  r(x) 
■jJJ'J  -i        3    3    ~    3  JJJ 


y  A  .h.H  r  k.(x)    =  Y"  A.h,   H^  f   k,{x)      =  TOflx) 

Insertion  of  these  relations  in  (5.8)  and  using  that  according 
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2irl 


J-  [(f,  R(x)g)]+  =  f  g(x)  +  r  Qxix).  r  Qs(x)  + 


(5.^)  +  r  rQg(x)  +  r  Qf(x).  g(x)  . 

This  relation  is  the  generalization  of  the  previous 
relation  (4.17).   Its  proof  is  somewhst  tedious  but  it 
was  the  purpose  of  the  present  lenma  to  isolate  the 
tedious  part  of  the  proof  of  a  subtheorem,  which  we 
shall  state  later. 

We  start  the  proof  of  the  lemma  by  recalling  some 
facts  and  definitions.  First  we  recall  from  Section  h   that 

(f,  RQ(x)k)*  =^±^   ^(^)' 
hence 

[(f,  R^(x)k)]^  =  27ri  f  k(x)  . 

Then  we  recall  from  Section  3  that  by  definition 
(3-7)     h(x)  =  A'^  (x+  k{x)  , 

where  we  made  use  of  the  fact  that  the  coefficient 
matrix  of  Section  3  can  be  identified  with  our  present 
matrix  A{x+  ) .   Prom  the  last  two  relations  in  turn, 
using  the  definition  of  A(x+  )   we  obtain, 

(5.5)  [A(x)];^  =  -27ri  k(x)  (x)A  ^M 
and 

(5.6)  [A-^(x);^  =  27ri  h(x)  (x)  A  h(x)  . 
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to  our  simplifying  assumption  the  functions  k.    are  real,   yields: 


i^  [(f,   R{x)g)]'^  =   f  g(x)+  rQg(x)'    rQf(x)  +27ri    rQg(x) 


2ir± 


'  HZ  ^j^j^j^^^)  +) A^h^fH_^k^g(x)  +  g(x)  -POf  (x)      . 

Next  we  maintain  that  if  the  functions  k.(x)  are  real,  then 

(5-10)         [1  +27ri  h  (x)  A  k]  h  =  h  . 

For  from  relation  (5.5)  and  from  the  definition  of  the  vector  h, 

that  is  from  (3. 7)  we  conclude, 

A(x)  -A(x+)  =  [A(x+)  h(x)  0  A  k(x)]  . 
According  to  Lemma  3.1  Condition  [b^,b^],   ensures  that  for  x  in 
[5,,5p]  the  matrix  A(x+)  admits  an  inverse.  Hence 

A""'-(x+)A(x-)h(x)  =  [l+27ri  h(x)  (x)  Ak(x)]h(x)  . 
On  the  other  hand,  since  k  is  real, 

A"-'-(x+)A(x-)h(x)  =  A'-'-(x+)k(x)  =  h(x)  , 

which  establishes  (5- 10)*   Now,  in  view  of  this  relation  we  have 

2Tri  rQs(x)  y~   A,k,h,f{x)+5ZI  '^^^J   H_^k,g(x) 

•*-j—   J  J  J         ^^-r—       ^     ^  +    1° 

=  f(x)  *  ZZ  (h.  IZ  ^-.k.h.  +  h.  )X.H.k.g(x) 
i    1  ^  J  J  J   1   1  +  i 

=  f(x)  YH   A^H^k^g(x)  =  f(x)-rQg(x)  . 
Insertion  of  this  in  (5-9)  yields 


N-c: 


■^^'?iX     X  '■■>'■'■     '^i^     ;>^    £nC'J:j!':;;^"i!     ilii 


i  i,  "in; .. ,'-.     J     .      ;  .> 


-J.e-:^'T.  'ry:?    ■  x)  ^^  .5jioi:crr>-ic; 


(^U)H    .*;!) 


•  5   t+: 


V,  ■ 


.  *<    .', 
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i^[(f,  R(x)g)]'^  =  f  g(x)  +  FQg{x)-  FQf(x)  +  f(x)"rQg(x) 


27ri 


+  g(x)-  FQf(x)  , 

v;hlch  establishes  the  lemma. 

Now  let  us  recall  the  resolvent  loop  integral  formula 

which  states  the  following:   The  spectral  projector  of  a 

strictly  self ad joint  operator  with  resolvent  R(z)  over 

the  interval  [o,,5  ]  whose  endpoints  aren't  pointeigenvalues, 

is   given  by:  _ 

(f,    Eg)    =  _2_  lim  /        ((f,    R(x+ie)g)    -    (f ,R(x-is)g) )dx    . 

27ri   £->+0   y 
"1 

The  operator  M  is  essentially  selfadjoint  and  in  view  of  the 

fact  that  K  is  of  finite  rank  so  is  M+K.   Hence  this  formula 

applies  to  the  operator.   On  the  other  hand,  if  M+K  satisfies 

the  conditions  of  Lemma  5.1,  then  the  above  family  of  fiinctions 

admits  a  uniform  limit.   Therefore, 

5„ 


(f.  Eg)  =  J^   /    [(f,  R(x)g)]'^c 


dx 
27ri   ^, 

^1 

Now  in  Lemma  5.3  we  evaluated  the  integrand  in  terms  of  the 
solution  of  the  Friedrlchs'  equation.   Inserting  this  expression 
in  the  integral,  that  is  inserting  relation  {5'^)»  yields 
the  following: 


.1  r. 
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Subtheorem  3.I 

Suppose  that  K  is  en   operator  of  finite  rank  which  is 
gentle  over  [6..,5^3  furthermore  the  operator  M+K  satisfies 
Condition  [5,, 5^].  Then  Eg, the  spectral  projector  of  M+K 
over  the  interval  [5,,5p]  can  be  written  in  the  form 

(5.11)  Eg=  (l-rQ*)Cg(l+rQ)  , 

where  Q  is  the  solution  of  the  Frledrichs  equation. 
Next  we  introduce  the  transformation 

(5.12)  Ug  =  Cg  (i+PQ) 

entering  the  subtheorem.   We  recall  that  (iyi+K)g,  denotes  the 
part  of  M+K  over  the  interval  [b^,^^'^*   ^^^  ^^^   operator  M„  is 
defined  similarly.   Note  that  M„  is  the  multiplication  operator 


xon 


on  Z   of^/fS-i  >  5p] ,  /|  ),  where  A/[5  ,6p]  denotes  the  restrict 
of  the  measure  A  to  [6-,5p]. 

Now  from  the  previous  subtheorem  and  from  the  product 
proposition  of  Section  2  v;e  shall  derive  that  the  above  U^.  is 

a  spectraltransformation  of  (M+K)„.   More  specifically  we  shall 

0 

derive  the  following: 

Theorem  5.I 

Suppose  that  K  is  an  operator  of  finite  rank  vjhich  is 
gentle  over  [0  ,6p],  furthermore  the  operator  M-t-K  satisfies 
Condition  [G.^Sg].   Then  the  operator  (M+K)^  is  vinitarily 


io^i- 
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equivalent  to  M^  vla^transformatlon  of  the  form  Ug=Cg(ri-rQ)> 

in  partlculSK  it  Is  absolutely  continuous.   In  other  v;ord3  U^ 

is  a  partial  isometry  whose  Initial  set  is  the  eigenspace 

of  M+K  over  [5..,5^],  and  v/hose  final  set  is  .£.0(7^1  [5.^,5^1 ,  V  )  , 

furthermore 

(5.15)      (M+K),  =  U*M.U. 
^   '^        *     0     0  5  0   . 

Proof.   Let   [X.,A^^]   be  an  arbitrary  finite  family  of 

subintervals  of  [5,,5g].  Then  from  the  previous  subtheorem 

we  conclude  the  relation; 

where  E.  is  the  spectral  projector  of  M+K   over 
[>*.,A.  ,],  and  C.  is  multiplication  by  this  characteristic 
function.   Now  let  us  choose  these  subintervals  in  such  a  way 
that  their  union  is  [o,,5p],  and  max(^,  -■  -  A  )  — >  0.   Then 

according  to  the  spectral  theorem  for  selfsdjolnt  operators, 
[  E5  ]: 

Il\h   ->  E^(M+K)Eg  =  (M+K)^   , 

where  E„  is  the  spectral  projector  of  M+K  over  [b-.,b^]. 
Therefore 

u;  ( z:  ^c. )  u^  ->  (M+K)^  . 
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On  the  other  hand,  evidently 

From  these  two  relations  we  conclude  the  validity  of  relation 
(5. 15) of  the  theorem. 

Next  we  turn  to  the  proof  of  the  partial  isometric 
character  of  U^ .  More  specifically  we  shall  establish  the 
following: 
Lemma  3 . 4 

The  transformation  U^  =  C  (r!-rQ,)is  a  partial  isometry 
whose  initial  set  is    Or>  ^he  eigenspace  of  M+K  over  [6-.?5  ] 
and  whose  final  set  is  £^(A/[5-.  ,  5^] ,  \i      ). 

First  we  maintain  that  the  adjoint  of  the  transformation 
Ug,  that  is  the  transformation  U„,  is  a  partial  isomety  with 
initial  set  £p(Al [S, , 6p] ,  \7  ) •  ^^   other  words  we  maintain 
the  validity  of  the  relation 
(5.14)     %^l=0^- 

For  the  case  of  gentle  operators,  that  is  for  the  case  of  an 
interval  [5,, 5  ]  which  contains  S,,  the  support  of  the  measvire 
X,  this  was  established  by  Friedrichs.  The  present  statement 
can  be  established  similarly  by  replacing  the  gentleness 
axioms  by  the  corresponding  local  version.   Nevertheless, 
for  the  sake  of  completeness  let  us  carry  out  the  details: 
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According  to  (5.12)  the  definition  of  U^, 

UgU*  =  c(i-i-rQ)(i-rQ.*)G  =  c  +  cT'qT~q*c  +  CT~QC  -  cT~Q*c 

Now  the  product  proposition  of  Section  2  yields 

cTqFq*c  =  F(cqTq*c  +  cT(Q)Q  C)  , 

which  in  turn  inserted  in  the  previous  relation  yields 

(5.15)  u^u*  =  c  +  ncQd  -  Fq*)c -c(i+  rQ)Q*c)  . 

From  the  fact  that  Q  is  a  solution  of  the  Friedrichs  equation 
in  the  interval  [5  ,6  ]  and  from  the  selfadjoint  character  of 
K  we  infer  that  the  operator  CQ(l  -  T~Q  ^C  is  selfadjoint. 
Hence  the  operator  in  the  brackets  of  (5.15)  is  zero  and 
therefore 

Tt* 

D  5       ' 

that  is  the  relation  (5.14)  has  been  established.   In  other 
words  ovir  statement  that  U^  is  a  partial  isometry  with  initial 


set  Z^i^llb   ,0^],  ji  ,)   has  been  established. 

Now  it  is  a  general  operator  theoretic  fact  that  the 
adjoint  of  a  partial  isometry  is  a  partial  isometry  vjhose 
final  set  is  the  initial  set  of  the  original  isometry. 
Applying  this  to  the  partial  Isometry  11=  we  obtain  that  U  • 

is  a  partial  isometry  whose  final  set  is  zAlKib^fb^] ,  ^]   ). 
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Since  the  operator  U-U_  is  the  projector  on  the  initial  set 

O  0 

of  Uc  and  according  to  the  subtheorem 
o 

Ur  U.  =  E- 

0   0      0  , 

we  see  that  the  initial  set  of  U^  is  ^  ^  the  eigenspace 
of  M+K  over  the  interval  [o-,,5p].   This  completes  the  proof 
of  the  lemma,  v;hich  in  turn  completes  the  proof  of  the 
basic  Theorem  ^.1. 

Next  we  formulate  a  sharper  version  of  the  basic 
theorem.   In  doing  this  we  shall  assume  that  the  pointeigenvalue 
of  the  operator  M+K  on  ^'^^  (a/[  S^jBg]  ,a-l,A,p]  )  are  disjoint 
only  from  the  open  interval  (5,,5p),  to  which  we  shall 
refer  shortly  as  Condition  (o^,d^).      Vie   shall  show  that  in  this 
case  the  part  of  M+K  over  the  open  interval  (o,,5  ),  which 
we  denote  a^ain  by.  (M+K)  g,  is  "nitarily  equivalent      _  •,  ,.:._. 
to  Mg. .    More  specifically  we  shall  establish  the  following: 
Theorem  5.2 

Suppose  that  K  is  a  selfadjojnt  operator  of  finite  rank  which 
is  gentle  over  every  closed  subinterval  of  {d^,b    ),    furthermore 
the  operator  M+K  satisfies  Condition  (5  ,6o).   Then  the  part 
of  M+K  over  the  interval   (5.., 5^),  (M+K)-,  is  imitarlly 
equivalent  to  M^  via  a  transformation  of  the  form  C  ( 1+1  ^Q, 
in  particular  it  is  absolutely  continuous.   Here  Q  is  o 
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locally  gentle  solution  of  the  Frledrlchs'  equation. 

Before  establishing  this  theorem,  let  us  note  that 
vinder  Condition  [6,  ,5p]  its  conclusion  implies  the  conclusion 
of  the  basic  theorem.   For,  from  Condition  [6,,5p]  we 
conclude  that  the  set  of  pointeigenvalues  of  M+K  on 
£p(A,  )\^.   )  is  disjoint  from  the  closed  interval  [5,,Op]. 

Hence  the  endpoints,  in  particular,  are  not  pointeigenvalues 
and  therefore  the  spectral  projector  over  the  open  interval 
{5,,  Up.)  equals  the  spectral  projector  over  the  closed 
interval  [b  ,  a  ]. 

Next  we  maintain  that  this  theorem  can  be  easily  derived 
from  the  basic  theorem.   For,  let  '.  =  [A^,  -^^^.j^]  be  a 

family  of  increasing  subintervals  of  b  =(  b^,Sp  )  whose 

union  is  (o,  ,62)  .Then,  evidenHy  ■  the  basic  theorem  applies 
to  the  part  of  Mh-K  over  6^  =  [A.,  ^j^^^  ]  •   Hence  if  Q  is  the 

solution  of  the  Friedrichs  equation,  and C .  is  multiplication 
by  the  characteristic  function  of  6. >  then  the  part  of  M+K 
over  5.  is  unitarily  equivalent  to  the  corresponding  part  of 
M  via  the  transformation  C.  +  C..1  Q  . 
In  other  words. 
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M+K  =  U*  MU^ holds  on_E[5^}    =   ^  , 
with  U^  =  C^  +  C^l  Q  , 
for  every  interval.  5.,.   Hence 


M+K  =  U  MU  on    ^^ 


(5.16) 

with  U  =  C  +  CT~Q   . 

Now  according  to  the  general  theory  of  linear  operators, 
[  E^   ],  the  spectral  projectors  of  a  strictly  self ad joint 
operator  define  a  projector  valued  measure  which  is 
coTontably  additive  in  the  strong  topology.   From  this  fact 
and  from  the  fact  that  5'^  is  a  monotone  sequence  whose 
union  is  o  we  conclude  that 


£[&.•]'->•  E(5r  . 


Prom  this  in  turn  we  conclude  that 


-JJl^    =    ^E[6  ]  )l    =E{^)  SQ^^Ig 

where  bar  denotes  closure.   Therefore,  in  view  of  (5.16) 

M+K  =  U*  r4U  on  ' 

0 

that  is  the  part  of  M+K  over  0  is  \initarily  equivalent 

to  the  corresponding  part  of  M,  via  the  transformation 

U  =  C  +  T~CQ  .   This  establishes  theorem  5.2. 

Next  we  maintain  that  in  this  theorem  Condition 

[6^,6p]  can  be  replaced  by  a  condition  on  the  Holder 
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exponent  entering  the  definition  of  our  space  of  locally 

gentle  forms.   Mo^^e  specifically  suppose  that  a.  >  — 

2 

in   ^(  a  ^xUo^jOg],  )^  )  .   Then  in  viev/  of  this 
choice  of  ct     v/e  have 

and  thus  the  pointeigenvalues  of  M+K  on^'-^are  also 
pointeigenvalues  of  M+K  on  £  .   From  this  fact,  from  the 
selfadjoint  character  of  K  and  from  the  separability 
of  .Cp  v;e  conclude  that  the  set  of  pointeigenvalues  of  M+K  on 
^?is  countable.  Note  that  sincer^,'  is  not  separable, 
this  statement  is  not  obvious.   On  the  other  hand,  we  claim 
■ftiat  the  intersection  of  the  set  of  pointeigenvalues  of  M+K 
on^^with  the  interval  [0^,02]  is  a  closed  set.   For,  according 
to  an  extended  version  of  the  basic  Lemma  3.I,  given  in 
Appendix  III,  this  sot  is  the  set  of  zeros  of  det  A(x)  in 
[0^,5  ].   Since  the  ns  trix  elements  of  A(x)  are  continuous 
in  [5,,o  ]  the  intersection  of  the  set  of  zeros  of  det  A(x) 
with  the  interval  [6  , 6  ]  is  a  closed  set.  This  establishes 
the  claim  and  the  statement  that  the  intersection  of  the 
set  of  pointeigenvalues  of  M+K  oa^^with  the  interval  [Q-^,o^] 
is  a  countable  closed  set.   Therefore,  the  complement  of  this 
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set  with  reference  to  the  interval  [5  .S^l  is  an  open 

set,  moreover,  it  can  be  written  as  the  vinion  of  disjoint 
open  intervals  in  such  a  way  that  the  endpoints  of  these 
intervals  are  pointeigenvalues  of  M+K.  Let  the  family  of 
these  intervals  be  denoted  by  {{f^^,    '^i+il^  *  ^^^^  evidently  • 
on  each  of  these  open  intervals  Condition  (A.  ,A^^-i- )is  satisfied 
and  hence  from  Theorem  5.2  we  can  conclude  that  the  part  of 
M+K  over  the  open  interval  (^^^^^4.^)  is  unltarily 
equivalent  to  the  corresponding  part  of  M  via  a  transformation 
of  the  form  C.  +  C.'T'Q,  where  Q  is  the  solution  of  the 
Friedrichs  equation.  Note  that  Q  and  T~Q  ar^e  forms,  nevertheless 

*the  form  C--.(l+rQ)^  '-  ^^"  ^®  identified  with  a  bounded 
operator.  Finally,  combining  this  statement  with  the 
(Duntable  additivity  of  the  spectral  projectors  a  limiting 
argument,  for  example  the  one  entering  the  proof  of  Theorem 
5'2,  yields  the  following: 
Theorem  3.3 
Suppose  that  K  is  a  selfadjoint  operator  of  finite  rank  in 

Qb  (c/Cb  5p],  X  ],C^   )   with  a  >  |-  .   Then  the  continuous 
part  of  M+K  over  [0^,^^]    is  lonltarily  equivalent  to  the  part 
of  M  over  [  0, ,  5^ ]  via  a  transformation  of  the  form  Cg  ( 1-'- \   Q  ). 


A  'J' 
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Here  the  form  Q  is  the  solution  of  the  Frledrlchs'  equation 
and  C  Is  the  operator  of  multiplication  by  the  characteristic 
function  of  [5,,6  ].   In  particular,  the  continuous  part 
of  M+K  over  [o^,5^]    Is  absolutely  continuous. 

Note  that  this  theorem  gives  no  Information  on  the 
discrete  part  of  M+K  over  [5^,5  ],  that  is  it  may  be  of 
finite  rank  or  it  may  be  of  infinite  rank.   According  to 
a  verbal  commiinication  of  C.C.  Conley  it  is  possible  that  a 
locally  gentle  perturbation  of  finite  rank  produces  infinitely 
many  pointeigenvalues . 
Remark. 

One  can  slightly  relax  the  assiomptions  of  this  theorem  inasmuch 
as  it  suffices  to  assume  that  K  is  a  selfadjoint  operator  of 
finite  rank  which  is  in  Cl'ta|[x^,A^_j_^] ,  A,  3^  )  for  every 
closed  proper  sublnterval  [A.,A^  ,]  of  [o^,o  ]  with  a  >  1/2. 
Then  using  the  same  limiting  procedure  as  before,  we  see  that 
the  continuous  part  of  M+K  over  the  Interval  (o^jOg)  is 
unlterlly  equivalent  to  the  corresponding  part  of  M.   An 
interesting  special  case  arises  if  {r>^,d^)   is  the  interior  of 
S, ,  the  support  of  the  undisturbed  spectral  measure.   For, 
in  this  case,  from  Weyl's  theorem  on  compact  perturbations, 
we  conclude  that  the  continuous  part  of  M+K  over  {o^,6^)   equals 
the  entire  continuous  part  of  M+K. 
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Other  perturbations . 

A  theorem  of  Friedrichs,  [B2  ],  treats  perturbations  which 
are  small  in  some  gentleness  norm  and  the  theorems  of  the  previous 
section  treat  locally  gentle  perturbations  of  finite  rank.   In  this 
section  v;e  shall  show  that  these  theorems  can  be  combined  to  treat 
perturbations  which  can  be  written  as  the  svun  of  two  such  perturba- 
tions.   First,  however,  we  make  a  digression  and  describe  the 
notion  of  a  "  completely  gentle  operator"  . 

If  K  is  a  gentle  integral  operator  whose  kernel  K(x,y)  is  a 
compact  operator  on  the  accessory  space  h  ,    for  every  fixed  value 
(x,y),  then  K  is  called  completely  gentle,  [  B7  ] .   This  is  the 
condition  introduced  by  L.D.  Faddeev  and  O.A.  Ladyssenskaia.  Next 
let  {^  (a,3,A,  h  )  denote  the  gentle  space  of  operators  introduced 
by  J.  Schwartz  in  connection  v/lth  "  some  non-self  adjoint  operators", 
[  B5  ] .  We  observed  in  the  previous  paper  that  a  completely 
gentle  operator  in  this  space  is  of  almost  finite  rank  in  any 
intermediate  space  C^    (a,P,A,  \~\    ),   with  0_<a<a,  0_<p<p. 
That  is  a  completely  gentle  operator  in  (S  (ct,G,?\,  '.1  )  can  be 
approximated  by  operators  of  finite  rank  in  the  norm  of  the 
intermediate  space.   One  is  tempted  to  conclude  from  this  fact  that 
a  gentle  operator  is  compact.   This  is  not  justified,  hov;ever,  since 
compact  operators  are  of  almost  finite  rank  with  reference  to  the 
operator  norm  and  completely  gentle  operators  are  of  almost  finite 
rank  with  reference  to  a  gentleness  norm.   As  a  matter  of  fact 

the  examples  of  the  next  section  show  that  an  operator  with 

2 

continuous  spectrum  may  be  gentle  v;ith  respect  to  the  operator  -D  . 
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After  this  digression  we  return  to  those  operators  which  can 
be  written  as  the  sum  of  an  operator  v;hich  is  small  in  some 
gentleness  norm  and  a  locally  gentle  operator  of  finite  rank.  To 
be  sure  the  class  of  such  operators  is  rather  restrictive,  for  all 
that  vje  know  is  that  the  svun  of  a  completely  gentle  operator  and 
a  locally  gentle  operator  of  finite  rank  is  in  this  class. 
Nevertheless  in  the  next  section  we  shall  shov;  that  this  class 
contains  some  operators  of  Mathematical  Physics. 

Next  we  combine  the  Priedrichs  theorem  on  "  small  perturbations" 
with  the  theorems  of  the  previous  section.  We  start  with  Theorem  5*5 

which  treats  locally  gentle  perturbations  of  finite  rank  with 

1 
Holder  exponent  a  >  2  .We  maintain  that  this  combination  leads  to 

the   follov/ing: 
Theorem  6.1 

Suppose  that  the  operator  K  is  of  the  form  K  =  G+F,  where  G 
is  a  completely  gentle  operator  in  (^   (a,p,A,  'n  )  and  F  is  a 
locally  gentle  operator  of  finite  rank  in  (S)  (ct|  [  S^Sp],  X,^  ) 
vfith  a  >  -p  .   Then  the  operator  M+K  is  essentially  selfadjoint. 
The  continuous  part  of  M+K  over  [S.^S^],  (M+K)   g  is  unitarlly 
equivalent  to  M^,  in  pa.rticular  it  is  absolutely  continuous. 
Furthermore,  (M-t-K)   -  admits  a  spectral  transformation 
of  the  form  U,Up,  where  U,  =  1  +  P"  Q,  where  Q..  belongs  to  some 
intermediate  gentle  space  and  Up  =  C^  +  ^5!""  Qp  ^-"^^^^  ^o  ^^   ^ 
locally  gentle  form. 
Proof.   It  v/as  noted  previously  that  a  completely  gentle  operator 
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in    (^(o:,p,>v,    [~]    )    is  of  almost   finite   rank  in  any     intermediate 

space   (^  (a, 3, A,    {l     ).      Hence   G   can  be  v/ritten  as  G     +  G^  where 

s     1 

the  norm  of  G_  in  the  intermediate  space  is  less  than  one  and  G„ 
s  1 

is  of  finite  rank.   Hence  from  the  theorem  on  small  perturbations, 
vie   can  conclude  that  M+G  _  is  unitarily  equivalent  to  M  via  a 
transformation  of  the  form  1  +  fQ-i'  More  specifically 

M+G  =  U*  MU, 
s    11 

(6.1)  U^  =  1  +  PQ^  ,    Q^  e-  (g,  (5,p,A,  6  )  . 
From  this  in  turn  v/e  conclude 

(6.2)  (M+K)  =  U*  [M  +  U^(G^  +  F)U*]U^ 

Now  the  operator  U,(G„+F)U,  is  of  finite  rank  hence  the  operator 
in  the  brackets  is  essentially  selfadjoint  and  since  this  notion 
is  unitarily  invariant  so  is  the  operator  on  the  left.   This 
establishes  the  first  statement  of  the  theorem  and  thus  the 
spectral  projectors  of  M+K  are  v/ell  defined. 

Next  consider,  (M+K)  ^  the  continuous  part  of  M+K  over  the 
interval  [5.,52].  This  operator,  according  to  (6.2)  is  unitarily 
equivalent  to  the  corresponding  part  of  the  operator  in  brackets, 
that  is 

(6.3)  (M+K)^^5  =  U;[M+U^(G^.  +  F)U*]^^^  U^   . 

We  maintain  that  Theorem  5.3  applies  to  the  operator  in  the  brackets, 
In  other  v;ords  we  maintain  that  the  operator  U,(G„+  F)U^  is  of 
finite  rank  and  it  is  gentle  over  the  interval  [5,,52]  vjlth 
exponent  greater  than  1/2.   For,  if  ^  f .  J  are  the  eigenfunctions 


of  G^+  F  then  clearly  |  U,f .  '?     are  the  eigenfunctions  of  this 
operator.   Then  vre  need  the  following  elementary  but  important  fact 
on  gentle  operators:   If  Q  is  in  (3  (a, P, A,  H  )  and  f  is  in 
(S  (  ct/rs^.Sg]  ,A,  h  )  and  a  <  a  then  fQ,-r   is  in  (S  (•..a/[  5^,  Sg]  ,X,f»). 

Now  so  far  a  <  a   was  arbitrary  and  by  assumption  a  >  -^  ,  hence  we 
may  choose  a  >  1/2.   These  facts  combined  with  (6.1)  according  to 
v;hich  U,  =  1  +  T  Q-i   establish  the  local     gentleness  of 
U,  (G^+  F)U,   with  exponent  a.  >  -^  .      Therefore  Theorem  5.3  applies 
to  the  operator  in  the  brackets  of  (6.3)  and  yields 


(6.4) 


[M  +  U^(G^  +F)Ui],^5  =  U^M  U, 


Ug  =  Cg  -y   c^rQg   . 


I  v^here  Q^  is  locally  gentle.   Inserting  this  relation  in  (6.3)  we 
obtain  that  (M+K)   c  is  unitarily  equivalent  to  the  corresponding 
part  of  M  via  the  transformation  UpU,  ,  v;hich  establishes  the 
theorem. 

Remark .   One  can  give  a  slightly  sharper  formulation  of  this 
theorem  v;lth  the  aid  of  a  local  version  of  the  space  C§>  (a,P,A,  i~\  ) 
defined  as  follov.'s:   Let  [5,  ,5p]  be  a  bounded  interval  and  set 


-a 


Aj^  K(x,y)  =  (K(x+h^,y)  -  K(x-h^,y) )  (2h^) 
Z\,^^  K(x,y)  =  (K(x,y  +  h^)  -  K(x,y  -  h2))(2h2) 


-a 


for  x,y  e  [5^,52^ 


Next  define 


K| g  =  sup  lK(x,y) 

x,y  i:  [S^^Sg] 


and 
IlKl 


,,  =  max  [sup  1    A,,  KI5.    sup        \/\      K]    ,sup        \LJ\^  K|  J. 

-1-  ^  ^"Ti-  -L~7f^ 


0<h^f^. 


Finally  define  (^  (a, a| [ 5, ,6^] ,  h  ),    the  space  of  operators 
gentle  over  the  interval  [S-j^bp]  with  exponent  ci,  to  be  the  set 
of  those  operators  K  to  which  there  is  a  nujnher  ''  and  an  interval 
[5-,,5p]  .3  [5,,5p],  such  that 

(6.5)  W'^Wa^,^      ^   ®   • 

Note  that  in  case  K  is  of  finite  rank  this  definition  coincides 

with  the  previous  one. 

Next  we  maintain  that  the  conclusion  of  Theorem  6.1  remains 
valid  if  G  is  a  completely  gentle  operator  in  C^lrv  (a,|3jA,  V"i  ) 
with  arbitrary  positive  exponent  a  and  G  and  F  are  gentle  over 
every  closed  subinterval  of  [S^jSp]  vjith  exponent  greater  than 
1/2.   For;,  from  the  fact  that  the  Friedrichs  theorem  on  small 
perturbations   holds   for  arbitrary  positive  exponents,  we  conclude, 
as  before,  the  validity  of  relation  (6.3).   Then  from  the  assumption 
that  G  and  K  are  gentle  over  every  subinterval  with  exponent  greater 
than  1/2,  we  conclude  that  so  is  U-,(G^+  F)U,  .   From,  this  in  turn 
using  the  remark  after  Theorem  5.3^  we  conclude  the  validity  of 
relation  (6.4)  for  the  present  operator,  and  the  validity  of  the 

remark . 

Finally  we  combine  Theorem  5.2  with  the  theorem  on  "  small 
perturbations"  ,  and  maintain  that  it  yields  the  following: 


5^ 

6.6 

Theorem  6.2 

Let  K  be  an  operator  of  the  form  K  =  G+F  where  G  is  a  completely 
gentle  operator  In  (S>  (a, (3, A,  {~\  )   and  F  is  an  operator  of  finite 
rank  in  (^  (°^''[  5. ,  5p]  ^A,  f]    )•   Suppose  that  the  operator  M+K 
satisfies  Condition  [^-i^B^].   Then  M+K  is  essentially  selfadjoint. 
The  part  of  M+K  over  [r^-,5p],  (M+K)^  is  unitarily  equivalent  to  M^, 
in  particular  it  is  absolutely  continuou.s.   Furthermore  (M+K)^ 
admits  a  spectral  transformation  of  the  form  U-.U2>  where  U..  =  1+|  Q, 
with  Q.^  g  (^   {a,p,A,  PT  )  and  U^  =  0.+  CgpQg  where  Q^  is  locally 
gentle. 

The  proof  of  this  theorem  is  similar  to  the  proof  of  the 
previous  theorem.   For,  brevity,  let  us  not  carry  out  the  details, 
just  mention  the  following  relevant  fact:  the  transformation 
U^  =  1  +  P  Q.-^     maps  '^{a,/[d^,5^] ,    1-a,  A,  6  )  into 
'3-^  (o^/[  5,  ,5p]  ,1-a,  iR  ),  vihich  is  a  consequence  of  Lemma  5  of 
Appendix  IV. 
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APPLICATIONS 


First  we  take  as  undisturbed  operator,  -A,  the  negative 
Lsplacian  in  free  space.   More  specifically  let  R  denote  the 
n-dimensional  Euclidean  space,  where  n  >^  1,  and  let  ^denote 
the  set  of  infinitely  differentiable  functions  vjith  compact 
support.   Then  we  shall  denote  by  -A,  the  closure  of  the  Laplacian 
on  Oin  <!^2^^n^*  ^^  disturbance  we  take  a  selfadjoint  multiplication 
type  operator,  or  potential  operator  that  is  en  operator  of  the 
form 

Mqf(x)  =  q(x)f(x)   , 
where  q(x)  is  a  real  fvinction.   Then  the  operator  -A  +  M 

is  the  Schrodinger  operator  associated  with  a  systems  of  particles 
in  a  potential  field  and  it  has  been  investigated  by  several 
authors  from  several  point  of  views.  [D>P] 

For  the  case  of  dimension  one,  conditions  on  the  function  q 
were  given  by  Titchmarsh,  [  ^7  ] ,  which  ensured  that  the 
continuous  part  of  -A  +  M  w&s  unitarily  equivalent  to  -A. 

q 

For  the  case  of  dimension  3>  conditions  on  the  function  q  were 
given  by  Povzner,  [  D2   ]^  which  ensured  the  above  conclusion. 
Moreover,  he  described  the  spectral  transformation  of  this 
operator.   Later  Povzner  results  were  generalized  by  T.   Ikebe, 
who  also  indicated  how  to  carry  them  over  to  dimension  n  >  2. 
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Thus  the  spectrel  theory  of  the  operator  -A  +  M  Is  well  knovm, 

M. 

for  a  large  class  of  ''potentials''  q. 

Next  v;e  shall  illustrate  how  o\ir  al5Stract  Theorem  6.1 
can  be  applied  to  the  operator  -A  +  M  .   The  results  which 
we  shall  obtain  will  be  v;eaker  than  the  corresponding  ones 
of  Titchmarsh  and  Povzner-Ikebe,  inasrauch  as  Condition  T-l^ 
to  be  introduced,  is  much  more  restrictive  than  the  condition 
of  these  authors.   On  the  other  hand,  the  approach  via 
gentleness  has  the  interesting  feature,  that  there  is  no  need 
to  distinguish  between  cases  of  even  and  odd  number  of  space 
dimensions,  although  the  one  dimensional  case  has  to  be 
consld^^red  separately.   For,  we  shall  see  that  under  Condition 
7.1,  to  be  stated  later,  the  operator  M  is  locally  gentle 

Vl 

with  respect  to  -A  in  case  of  dimension  n  =  1  and  it  is  gentle 

in  case  of  dimension  n  _>  2. 

A.   Schrodinj^er  operator  in  free  spaceof  dimension  one. 

It  is  well  knovm  that  the  spectral  measure  of  -A  is 
equivalent  to  "K,    the  restriction  of  the  Lebesque  measure  to 
(0,oo),  and  that  the  spectral  multiplicity  of  -A  is  two. 
Moreover,  [  D7  ] ,  a  spectral  transformation  of  -A,  corresponding 
to  the  measure  A,  is  given  by  an  integral  transformation  U  with 
the  vector  valued  kernel. 


.OS?    •■»!    :i- 
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/cos  /x  y^ 
U(x,y)   =  -±-  x-W 

^2u  Vsin/^Ty 

Note  that  U  maps  £p(-oo,+oo)  onto  UplAjZ-)  and  the  inverse  maps 
£p(A,Zp)  onto  £p(-oo,+OD  ),  which  is  given  by  the  adjoint, 

U*(x,y)  =  (xy)"  /   (cos  x  /y,  sin  x  Jy)    . 

Next  we  introduce  a  condition  on  the  function  q  which  will  ensure 
that  in  the  -A  representation  M  is  represented  by  a  locally  gentle 
operator.   It  reads  as  follows: 

Condition  (7.1)^ 

/   (l+t^)|q(t)|dt  <  oo  . 

-CD 

One  can  easily  find  the  operator  M  in  the  -A  representation, 
that  is  the  operator  UM  U*.   For,  at  least  formally, 

CO 

(7.1)      UM^U*(x,y)  =  [    U(x,t)q(t)U*(t,y)dt 

q        kJ 

-CD 

and  this  can  be  also  established  rigorously  under  the  present 
condition.   Note  that  for  fixed  values  of  the  variables  x,y  and  t, 
U(x,t )q( t)U*( t,y)  is  a  linear  operator  on  Z^.      Moreover,  we  see 
that  the  matrix  of  this  operator  is  given  by, 

U(x,t)q(t)U*(t,y) 

/cost/x  cost/y,  cost/x  sint/y 
—  (xy)'^/^  q(t) 


'A 

CD 


^'^  Vslnt/x  cost/y,    sint/x   sint/yy 


■;'•  O 
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Insertion  of  this  relation  In  (7.1)  yields, 
(7.2)   K(x,y)  = 

/  00  00 


/  /  cost/x  cost/y  q(t)dt,  /  cost/x  sint/y  q(t)dt 

/    -00  -00 


•00  -00 

1  /.„^-iA 


^ 


(xy) 


00  oo 


\   /   sint/x  cost/y  q(t)dt,  /  slnt/x  slnt/y  q(t)dt 


-00  -oo 

after  setting  K  =  UM  U*.   Next  we  maintain  that  this  kernel 
satisfies  the  conditions  of  Theorem  6.1,  that  is  we  maintain 
the  following: 
Lemma  7.2 

Suppose  that  the  function  q  satisfies  Condition  7.1'   Then 
the  operator  K  defined  by  (7.2)  can  be  written  as  the  sum  of  a 
gentle  operator  and  an  almost  gentle  operator  of  finite  rank. 
Moreover  both  of  these  operators  are  gentle  with  exponent 
g  >  1/2  in  any  closed  subinterval  of  [0,cd  )   not  containing  the 
point  Q. 

Let  G(x,y)  denote  the  matrix  factor  entering  equation  (7.2) 
Then  according  to  Condition  7.1  one  can  differentiate  under 
the  Integral  sign  provided  that  x  /  0  and  y  j^  0.  Hence  this 
operator  is  gentle  with  exponent  1  in  any  closed  interval  not 
containing  the  point  zero.   Next  we  claim  that  G  is  also  gentle 

with  some  positive  exponent  on  the  entire  interval  [0,oo). 

•v  2   2 

For,  consider  the  operator  G(x,y)  =  G(x  ,y  )  and  note 

■^ 
that  in  view  of  the  change  of  variables  the  kernel  G(x,y)  is 


■i^^'«^:' 


i.cd' 


:.-..-  < 


r7-'i.>      .v.' 


v'i'q/j  > 
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— ' 
differentiable  including  the  points  x=0  snd  y=0.   Hence  G  is 

gentle  with  exponent  1  on  the  entire  interval  [0,oo].   From  this, 

vie   conclude  in  viev;  of  the  elementary  inequality 

that  G  is  gentle  with  exponent  1/2  on  the  entire  interval  [0,oo]. 
From  this,  in  turn,  we  conclude  that  Lemraa  1  of  Appendix  IV  appiie^s 
to  the  operator  K(x,y)  =  (xy)"  ^      G(x,y),  v/hich  establishes  the 
validity  of  the  present  lemma. 

In  other  words,  we  have  established  that  Theorem  6.1 
applies  to  the  operator  M+K.   This  yields,  remembering  that  by 
definition  M+K  is  unitarily  equivalent  to  -A  +  M  ,  the  following: 
Theorem  7.1 

Suppose  that  the  function  q  satisfies  Condition  7-1a'  Then 
the  operator  -A  +  M  is  essentially  self adjoint.   The  continuous 

part  of  its  strictly  selfadjoint  extension,  ( -A  +  M  )   is  unitarily 

q  c      ■ 

equivalent  to  -A,  in  particular  it  is  absolutely  continuous. 
Moreover,  In  the  -A  representation  ( -A  +  M  )   adjnits  a  spectral  ' 
transformation  of  the  form  ( 1+1  Q,  )  ( 1+1  0-  )  vjhere  Q,  is  gentle 
snd  Op  is  locally  gentle. 
Reraa  rk 

One  could  slightly  relax  Condition  (7.1)  „.  For,  according  to 
equation  (7.2),  the  behavior  of  q  at  infinity  determines  the 
exponent  of  K.   The  behavior  of  q  stipulated  by  Condition  (7.1)^ 
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ensured  that  K  was   clifferntiable    ''away  from  zero''.      Next, 

instead  of  this,  we  only  stipulate  that 

CO 


/   (1  +  ltr^)|q(t)ldt  <  00 


for  some  a  >  0.   Then  one  can  take  Holder  quotients  under  the 
integral  sign  and  this  shows  that  K  is  gentle  ''away  from  zero''. 
Now  the  expnent  of  K  is  possibl-  less  than  1/2  and  so  Theorem  6.1 
is  no  longer  applicable.   Nevertheless,  Theorem  6.2  applies  to 
operator  M+K.   This  is  far  from  being  obvious,  for  one  has  to 
establish  Condition  (0,  oo).   This  in  turn  involves  a  straight- 
forv;ard  but  somewhat  lengthy  argxament.   Since  the  theorem  that 
we  obtain  is  still  weaker  than  the  corresponding  theorem  of 
Titchmarsh  admitting  the  case  s  =  0,  we  skip  the  details. 
B.   Schi?'odihger  operator  in  free  space  dimension  n  >  2. 

It  was  stated  by  O.A.  Laoyzhenskayo  and  L.D.  Faddeev>  [33] 
that  under  suitable  conditions  on  the  fvinction  q,  the  operator 
M  is  gentle  with  respect  to  -A  in  case  n=3.   Later  this  was 

M. 

established  by  J.  Schwartz,  [  B5  ],  for  the  case  of  n  _>  2. 
under  the  follov;ing  condition: 

Condition  (7.1)^ 

B 

[     (1+t^)  |D^'q(t)|dt  <  CO  for   j  <  n-1   , 
and  for  any  j-th  order  partial  derivative  D'^q. 
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Note  that  originally  the  notion  of  gentleness  was  defined  with 

respect  to  M,  the  multiplication  operator.   We  say  that  M  is 

gentle  with  respect  to  -A,  if  in  the  -A  representation  M  is 

represented  by  a  gentle  operator.   That  is  the  operator  UM  U  is  gentle 
with  respect  to  M  where  U  is  a  spectral  transformation  of  -A. 

Next  we  turn  to  the  description  of  this  operator. 

For  this  purpose  we  need  U,  which  is  essentially  the  Fourier 

transformation.   In  order  to  describe  U  in  more  specific  term.s, 

we  introduce  ''polar  coordinates''  in  £p(R  )  as  follov/s:   let  V; 

denote  the  £p  -space  over  the  n-dimensional  unit  sphere  end  let 

A  be  the  restriction  of  the  Lebesques  measure  to  [0,co].   Then 

according  to  the  formulae  connecting  cartesian  and  polar  coordinates 

the  spaces  £p(R.  )  and  Z A~K,   y?  )  are  isomorphic  via  the  transformation 

J:  -^2^^n^  ~^  -^^2^^'  )l^  defined  by 

n       n-1 
Jf(r)(x^)  =  2ir)  ^   r    ^   f{r  7^)   .   - 

Here  Jf  is  anN-j  valued  function,  Jf(r)  denotes  the  value  of  this 

function  at  the  point  r,  v;hich  in  turn  has  the  value  Jf(r){x  )  at 

the  unit  vector  x  .   Evidently  F,  the  Fourier  transformation  on 

£p(R  )  carries  -A  into  multiplication  by  the  square  of  the  independent 

vector  variable.   In  other  words,  according  to  the  definition  of  J, 

-A  =  F*J*M^JF  , 

where  M  is  the  multiplication  operator  on  ZA\,   )(  ).   Next  introduce 

r  as  nev/  independent  variable  via  the  unitary  operator  T  on  .Cp{A,/?  ), 

I 
\ 
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Then  clearly 


and  thus 


in  other  words 


7.8 
Tf(r)  =-lr-l/^  f(rl/2j 

y2 


M^T  =  TM  , 


-A  =  F*J*T*MTJP  , 


-A  =  U*MU  with  U  =  TJF 


Therefore,  the  operator  -A +M  is  unitarily  equivalent  to  M  +  UM  U  , 

Now  setting  K  =  UM  U*,  from  the  formula  U  =  TJF  v;e  infer  that  K  is 

an  integral-operator  and  the  values  of  its  kernel  are  in  turn 

integral-operators  on  the  accessory  space  j^  .  More  specifically 

we  infer  that 

n-2  _^_^ 

(7.3)  K(r,s)(5?:^  =  (27r)-'^{rs)"^  [  e^  iZf)^-±/^  {y.t)  ^^^^^^ 


Thus  we  have  found  the  operator  M  in  the  -A  representation.  Using 

this  operator  one  can  state  the  gentleness  of  M  with  respect  to  -A 

as  follows: 

Lemma.  (J.  Schwartz,  [  B5  ] ) 

Suppose  that  the  function  q  satisfies  Condition  (7.1)^'   Then  for 

n  ^  2  in  the  -A  representation,  the  operator  M  is  represented  by 

a  gentle  operator.  Moreover,  this  operator,  that  is  the  operator  K 

appealing  in  (7.3)  is  a  completely  gentle  operator  in  (r:i   (a,p,>,,  5?) 

Here  A  is  the  restriction  of  the  Lebesgue  measure  to  [0,od  ]  and  3^ 

is  the  £2-space  over  the  n-dimensional  unit  sphere. 


o:S    ?  .0  .':;•■';'£'  ->"?   ; 


^    f>:. ; 
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The  lemma  makes  no  explicit  statement  on  the  exponent  a, 

nevertheless  its  proof,  [  B5  ] ,  shows  that  a  >  1/2  on  the 

interval  [0,oo]  and  a  =  1  on  any  closed  subinterval  of  [0,oo] 

not  containing  the  point  0.   Therefore,  Theorem  6.1  applies 

to  the  operator  M+K  and  remembering  that  by  definition  M+K  is 

unitarily  equivalent  to  -A+M  it  yields  the  following  theorem, 

which  is  essentially  a  special  case  of  a  result  of  Povzner  and 

Ikebe . 

Theorem  7.2 

Suppose  that  the  function  q  satisfies  Condition  7 '2.   Then 

the  operator  -A+M  is  essentially  self ad joint.  The  continuous 

part  of  its  unique  strictly  self  adjoint  extension  (-A  +  M^,  )_^, 

q  c 

is  unitarily  equivalent  to  -A,  in  particular  it  is  absolutely 
continuous.   Moreover,  in  the  -A  representation  (-A  +  M  )   admits 

q~c    ""^ 

a  spectral  transformation  of  the  form  (1  +  Tq..  )(1  +  "r~Q2)  -^here 
QL    is  gentle  and  Q^  is  locally  gentle. 

Note  that  in  spite  of  the  highly  restrictive  Condition  7.2 
the  essential  selfadjointness  of  -A  +  M  is  not  evident.   This 
has  been  established  under  more  general  condition  by  T.  Kato,  [  Dl  ] . 
C.  Example  of  a  differential  operator  with  boundary  conditions. 
We  ask  the  question,  how  does  a  change  in  the  boundary  conditions 
affect  the  spectrum  of  a  differential  operator?  First  one  is 
tempted  to  say  that  such  changes  induce  ''gentle''  changes  in 


eh 
7.10 

the  spectrvim.   This,  however,  is  far  from  being  the  case,  for 
N.  Aronszajn,  [  C2  ] ,  gave  an  example  of  a  Sturm-Liouvielle 
operator  with  the  following  property:   for  one  boundary  condition 
it  has  a  ''pure  point  spectrum'',  v/hile  for  other  boundary 
conditions  it  has  a  ''pure  continuous  spectrum''.   Nevertheless, 
one  feels  that  such  a  phenomenon  is  a  pathology  although  one  does 
not  know  why.   The  author  conjectiires  that  ''in  general''  a  change 
in  the  boimdary  conditions  ''amounts''  to  a  locally  gentle 
perturbation  and  thus  leaves  the  continuous  spectrum  invariant. 
Next  let  us  formulate  this  conjecture  in  more  specific  terms  and 
establish  its  validity  for  the  following,  very  special  differential 
operator:   The  operator  D^  is  the  closure  of 

D^f(x)  =  -f"(x) 
defined  for  those  twice  continuously  differentiable  functions 
on  [0,00],  which  have  compact  support  and  satisfy  the  boijndary 
condition 

cos  af(0)  +  sin  a  f  (0)  =  0   . 
Strictly  speaking,  the  operator  D^  is  not  a  perturbation  of  the 
operator  D  ,  for  they  do  not  have  a  common  domain.   Nevertheless 
it  has  been  pointed  out  by  F.   Wolf,  [  C3   ]>  that  this  leads  to  a 

perturbation  problem  for  the  corresponding  resolvents,  in  particular 

-1  -1 

for  the  ooerators  (1+D  )   and  (l+D  )   .   Next  we  maintain  that  this 

*        c:  ^        o 

pert\irbation  is  locally  gentle,   more   specifically  we  m.aintain  the 
following: 
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LeiTima 

The  operator  ( 1+D  , ) ~   -  ( 1+D  ) ~  is  of  rank  one,  moreover  In  the 
(1+D  )~  representation  It  is  represented  by  a  locally  gentle 
operator  in   (2;{a/(01))  with  a  >  1/2. 
In  order  to  establish  the  lemma,  recall  from  the  theory  of 

Sturm-Liouvielle  operators  that  (1+D  )~  and  (1+D  )~  ere 

ci  o 

integral  operators  vjith  kernel: 

_1         (  <b^(x)^'(y)   =  X  <  y 
(1+D^.)  ^(x,y)  =   ^  °^ 


c; 


(7.^) 
a 


^(x)<|)^(y)   =  X  >  y 
.  <t5o(x)^(y)   =  X  <  y 


(l+D^)-"(x,y)  = 


o 


^(x)(j)^(y)   =  X  >  y 


t  t 


Here  the  functions  \)  .  ^  ,  ■'•p  satisfy  the  equation  -f  +f  =  0, 
<t>  and  ^  satisfy  the  corresponding  boundary  conditions  and  ^ 
is  square  inegrable  ' 'near  infinity' ' .   Moreover 

W{<t)Q,  ^)  =  W(<j)^,  -^  =  1, 
v/here  W  denotes  the  Wionskian.   Now  subtraction  of  (  7.4))  from 


a 


(  7.4) )  yields 


o 


(<t5^.(x)-(t3^(x))V/(y)    X  <  y 


o 


[(1+D^,)-^  -  (l+D^)-^](x,y)  =    ] 

V  V'(x)<t)^(y)-d^(y)      x>y   . 

Next  observe  that  the  function  <b  -6  is  a  constant  multiple  of  the 

^o:  ^o 

function  tp ,    for  W(<t)  -^   ,^)  =  0.   Therefore,  if  c  denotes  this  constant, 

G.   O 
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we  have 

(1+D^)"^  -  (l+D^)"-^  =  cxp  (T)  ^jj. 
Thus  the  fact  that  this  operator  is  of  rank  one  has  been 
established. 

In  order  to  show  that  in  the  (1+D  )   representation  this 
operator  is  represented  by  a  locally  gentle  operator  in  (£.  (a] (0,1) ), 
we  need  the  following  version  of  the  spectral  mapping  theorem: 
Lemma  - 

Let  A  be  an  operator  v;ith  simple  absolutely  continuous  spectrim 
and  let  f  be  a  function  ^^fhich  is  monotone  on   '>'(A),  the  spectrum  of 
f(A)  and  continuously  differentiable  with  the  exception  of  a  finite 
number  of  points.   Then  the  spectrum  of  f(A)  is  simple,  absoloutely 
continuous,  given  by  the  set  A.   Moreover  if  A  admits  a  spectral 
transformation,  U.,  then  so  does  f(A)  and 

^f(A)  ^^'^^  =  U^(f"^{x),y)  p  (x) 
p  (x)  =J     |dx  f"-^(x)l 


As  is  v/ell  known  the  spectral  transformation  of  /W   is  given  by 

the  kernel/^  sin  xy.   From  this  fact  and  from  the  lemma  we  conclude 

that,  U,  the  spectral  transformation  of  (1+D  )~  is  given  by 

U(x,y)    =^^  x-1    [\  -   l)-^/"^    sinA  -   1  y 
T2?  ^  ^^ 

hence 

uv.(x)  =  :^  x"^  (i  -  1)-^/^    1'  r^ • 

•i  2Tr  '  \     sin.'-  -  y  '^''.y)dy. 

0 
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From  this  formula  in  turn,  and  from  definition  of  ^  as  a 
solution  of  -^   +  i//  =  0  which  is  square  integrable  at  infinity, 
we  conclude  that  the  fionction  U^/  is  dlfferentiable  in  the  open 
interval  (0,  1).  Hence,  in  particular,  it  is  locally  gentle 
with  exponent  a  >  1/2.  This  completes  the  proof  of  the  Lemma. 

Now  from  the  local  gentleness  of  the  function  \J-^   we  can 
easily  derive  that  the  continuous  spectrijm  of  D^  is  absolutely 
continuous  and  of  multiplicity  one.  For,  let  M  be  the 
multiplication  operator  on  £  (01).  Then  from  the  fact  that  U'/' 
is  locally  gentle  with  exponent  a  >  1/2  and  from  Theorem  5.3  we 
conclude  that  the  continuous  part  of  M  +  cU^  (x)  UV'  is  unitarily 
equivalent  to  M.   On  the  other  hand  according  to  the  definition 
of  U,  we  have 

M  +  cU^  X  \J-<p   =  U(1+Dq)"V  +  U[(l+D^)'-'-  -  (1+Dq)'"-'']U 

=  U{1+D^)"^U   . 
Thus  (1+D.)"''"  is  unitarily  equivalent  to  M  +  cU^  (x)  \5'p.      Therefore, 
the  continuous  part  of  (1+D  )'  is  unitarily  equivalent  to  the 
continuous  part  of  this  operator  and  hence  to  M.  Hence  the 
continuous  part  of  (1+D  )~  is  absolutely  continuous  and  its 
multiplicity  is  one.  From  this  in  turn  we  conclude  via  the 
spectral  mapping  theorem  that  this  is  also  true  about  the  operator  D^. 


68 

7.14 
Ac  knowledgement 

The  author  is  Indebted  to  Professors  K.O.  Frledrichs  and 
J.D.  Plncus  for  their  valuable  suggestions. 


69 
I-l 

Appendix  I 

Proof  of  the  local  gentleness  propositions  In  (h{a\[b^,d^]  ,7\,   )7  ). 

First  recall  from  Section  2  that  the  space  (^g^^  was  defined 

as  the  set  of  those  bilinear  forms  of  finite  rank  which  can  be 

written  as  T"  h.  ><  r^ ,  where  the  forms  /  h. ^  ,  \  g. (  can  be 


iS  ^2  ^±   ^'^   6^>  where  the  forms  /  h^j  '  )  ^i  ( 
identified  with  measuable  functions.  Then  the  space 

(0  =   (f;(a|  [5,  ,5p],7\,  jn")  was  defined  to  be  the  set  of  such  forms 
in  (^     to  which  there  is  an  interval  [6,,5p3  ^[o-i^Sp]  such 
that  the  fvinctions  identified  with  the  form  are  a  -  Holder 
continuous  in  ['o^,b^'\.     From  this  definition  and  from  the 
definition  of  the  "I   -  transformation  on  this  space,  that  is 
from  equation  (2.1)  it  is  clear  that  the  first  three  statements 
of  Section  2  on  local  gentleness  hold.  Therefore,  we  start  this 
Appendix  by  establishing  the  fourth   statement. 
4.  For  every  G  in  <^  the  product  of  the  operator  Cq  and  of  the 
form  1  G,  C^l  G,  is  bounded. 

According  to  our  simplifying  a  .assvjnption  a  locally  gentle 
form  is  a  finite  linear  combination  of  dyads.   Therefore,  it 
suffices  to  establish  the  above  statement  for  a  single  dyad 
only.   In  doing  this,  we  shall  find  it  convenient  to  denote  by 
[g]  the  multiplication  operator  assigned  to  the  measurable 
function  g,  that  is  the  operator  Sl^{\,yi     )    defined  by  [g]f(x)  = 
=  (£(x),f(x)).   Then  using  this  notation,  according  to  the 
definition  of  the  \~  -   transformation,  that  is  according  to  (2.1) 
we  have 
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In  short 

where  H,  is  the  augmented  Hllbert  transformation.  Thus  the 

form  CgT~(gT  ^"^  Z'p)   is  bounded  if  the  operator  appearing 

on  the  right  side  of  (I-i)  isbounded.  ^ext  we  maintain  that  this 

is  the  case  for  functions  g-,gp,  which  are  gentle  over  [S^jS^]. 

For,  for  such  functions  the  function  C^^g,  is  bovmded,  hence  so  is 

the  operator  Cp,[g,  ].   Next,  one  is  tempted  to  conclude  the  boundednees 

of  the  operator  H  [gp]  from  the  fact  that  H  ,  the  augmented  Hilbert 

transformation  is  bounded.  However,  in  vle\-j   of  the  fact  that 

[gp]  is  a  possibly  unbounded  operator,  we  have  to  use  an  additional 

feature  of  the  Hilbert  transformation.   By  assumption  g^  is  gentle 

over  [5,,6p],  hence  there  is  an  interval  [d,,02]  --^' [5-j.'^2''  such 

that  gp  is  Holder  continuous  in  the  extended  interval.   Hence  the 

fvmction  C^g^  is  bounded  and  therefore 

U'^2)    M[Cgg-^]H^[C-g2]||  <  ~  . 

On  the  other  hand,  we  have  the  following  elementary  inequality; 

'  J  [e,2^y),&2^v))^U7)  '   J  (f(y),f(y))dA(y)  , 

v/here  c  resp.  c  denote  the  characteristic  function  of  the  interval 
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[St^So-'  ^^SP'  [Sx^Sp^'   ^°^  ^^  definition  [S^^S^]  is  a  proper 
closed  subinterval  of  [S  ,5p]  and  from  this  fact  we  conclude 
that  the  ''sup''  -  term  in  the  above  Inequality  is  finite. 
Therefore 

IICgH^d-Og-Jggfll  =  0(1)1  If  II   , 
holds  for  every  function  f  in  £p(A,  \->"  )  where  the  constant 
0(1)  is  independent  of  f.   In  other  words 
tI-3)  [|C5.H^[(1-C^v)g2]|  <  «,, 

from  which  in  turn,  in  view  of  (1-2)  and  (I-l)  we  conclude 'the 
bdundediaess  of  Cj  (t-,'*"?^  gp)- 

Next  we  turn  to  the  proof  of  the  local  gentleness  propositions, 
Proposition  1 
To  every  G  In    (F'  there  is  a  dense  set)  /  such  that 

(I-^)        MpG  -  T~GM  =  G  onjl). 
Proof. 

As  noted  previously  it  is  no  loss  of  generality  to  assijime  that 
G  =  g-i  >"«  gp'   Since  the  set  of  functions  v;ith  bounded  support 
as  dense  in  £p(>.,  h  )  we  may  also  assume  that  the  support  of  the 
measure  >,  S,  is  bounded.   Now  let  -^  S  r^  be  an  increasing  family 
of  subsets  of  S^,    such  that  the  functions  g,  and  gp  are  bounded 
on  each  of  the  set  S  ,  moreover  these  sets  approximate  S  in 
measure,  that  is 
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lim  A  (S„)  =  A(S,  ) 


Next  set 


J)  =  \JL^{-K,    S^) 
Then  clearly  the  set  t   is  dense  in  Z^i'h,  Y)  )   and  it  is  not  hard 


^2 
te)  verify  that  relation  (1-4)  holds  on  this  set.  Pei*,  from  the 

definition  of  the  form  T~J^>   that  is  from  relation  (2.1),  we  have 

Upon  insertion  of  relation  (I-l)  in  tills  equation  we  obtain 
<[Sl}Mf3_,  H^[g2]f2^  ■  ^tSl^^l^  HgM[g2]f2  >  = 

1-5 

=  <f^,Gf2  >  -  i£  <  [&-^]r^,    H..[g2]f2  >      . 

Now  observe  that  according  to  the  construction  of  the  sets  /  Si 
the  operator  [g-,],  and  [gp]  are  bo\Anded  on  £p(A,  S  ).   Observe  also 
that  according  to  construction  each  of  the  sets  S  is  bounded,  hence 
so  is  the  operator  M  on  £p(A,  S  ).   Therefore  the  bilinear  forms 
in  (1-5)  admit  a  limit,  moreover  the  limit  can  be  obtained  by 
setting  £  =  0.   This  in  turn,  in  view  of  (I-l)  establishes 
Proposition  1. 
Proposition  2. 
For  every  G  in  (£   the  forms  Cp.r"G-G  C-  and  C^G-Pg  C -  are  in  d^      ^ 


X.   Again  it  suffices  to  establish  the  proposition  for  dyads 
only,  and  accordingly  let  G  =  g,  ><  gp.   Then 

^6^  =  ^6^1  ^^   S2  and  G*C^  =  gg  ><  C^g^   . 
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On  the  other  hand,  according  to  (I-l),  the  local  gentleness  of  G 
implies  that  the  form  C^Vg   is  boionded.and  C^T~G  =  [C^g-^]n^[g^]    . 
Now  from  the  above  relations  we  conclude  that 

C.rG-G^C^  =  [C,gi]H^[g2].(g2  X  C,g^)  = 

=^^o^l'^\4   "^  SSl  • 

Finally  from  this  relation  we  conclude  the  validity  of  the 

proposition.  For,  by  assumption  g,  ><  g„  is  in  CE^, ,    in  particular 

it  is  in  (^-  ,,„,  hence  g^  is  Integrable  and   .   therefore,  its 
aux         £z. 

Hilbert  transform  is  measurable.   On  the  other  hand,  by  ass\amption 
[^-.jB^]  is  bounded  and  g^  is  gentle  over  this  interval,  hence 
C  g  is  square  integrable. 

Proposition  3' 


For  every  G  in 


> 


c^Tg.  ro^c,  =  I  (CgGr"G*Cg  +  c^Tg-g^c^)  . 
Proof.   Follov/ing  Friedrichs',  [  Bl   ],  we  start  from  the  identity 

(  L_+  L_  ) 


x-y+i£  x-z+io  x-z+2ie    ^    x-y+is  y-z+i; 

from  which  v/e  infer 

fI-6)      ^"TgG-rgG^G    =  ■r2e^CG-r3G*C   +  C'rG-G*C). 

Here  and  in  the  follov/ing,  for  convenience  of  notation,  we  omitted 

the  subscript  6  appearing  in  C.   Nov/  this  relation  makes  the 

proposition  reasonable,  for  the  proposition  states  that  after 

setting  e  =  0  in  this  relation  we  obtain  tv70  forms  which  are  equal 
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on  a  dense  set. 

First  we  shall  show  that  there  is  a  dense  set/J)  in  £2(^*^7  ) 
such  that  on  this  set  the  family  of  forms  appearing  on  the  right 
side  admits  a  limit  as  s— >+0,  moreover  this  limit  is  obtained  by- 
setting  e  =  0.   We  shall  show  this  by  establishing  the  following 
slightly  more  general  statement:   there  is  a  dense  set  x>   such 
that  on  ^ '  the  double  limit 

(1-7)   lim   lim    T"  (CG-T"  G*C+CT~G-G*C) 
Tj_>0  e->0     ^      ^ 

exists,  moreover  it  is  equal  to 

(1-8)   T(CG-"pG*C+CT~G-G*C)   . 

It  is  well  known,  [     ],  that  the  existence  of  the  double 

limit  is  ensxAred  by  the  existence  of  the  iterated  limits  provided 

that  one  of  the  iterated  limits  is  loniform.  Therefore,  according 

to  the  definition  of  the  T~  transformation,  the  statement  concerning 

the  forms  in  (1-7)  and  (1-8)  is  implied  by  the  following: 

Lemma • 

Suppose  that  G=g,  ><  g^  is  in  (£''  ^ ^,  that  is  g^^  is  measurable  and 

gg  is  square  integrable.   Then  there  is  a  set  j^  which  is  dense 

:'-n  £  (X,  yi  )  and  is  such  that 

(1-9)  lim   <f,T^(C"r^G*)f  >  =  <f,FT^(GT~G*)f  >,  f  -^, 

moreover  this  limit  is  uniform  in  n. 


Since  the  set  of  functions  with  bounded  support  is  dense  in 
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L^{\,  fl   )   we  may  assume  that  the  support  of  X,  S,,  Is  bounded* 
On  the  other  hand,  in  analogy  with  relation  (I-l)  we  have 

(I?10)  ^       ^  ^     ^  1  n  i  e^ 

Next  we  shall  construct  a  family  of  sets  /  S  )  such  that 

on  each  of  the  sets  S  the  following  three  statements  hold: 

a)  The  functions  g,  and  g_  are  bounded, 

b)  The  family  of  functions  g-,Hj,gp  converges  uniformly  as  s— >-i-0, 

c)  The  family  of  sets  >  S  ?  approximates  S,  in  meas\ire,  that  is 

lim  A(s„)  =  A{S, )   . 
n       A 

In  order  to  satisfy  condition  a,  consider  level  sets  of  the 
functions  g,  and  gp,  that  is  the  sets, 

S  -  =  E[x:|gT(x)|  <  n,   |gp(x)|  <  n]. 

In  order  to  satisfy  condition  b,  note  that  by 

o 

assumption  gp  is  integrable.  Hence  according  to  the  £^-version  of 

the  PlemelJ-Privalov  theorem,  [  E3  ],  the  family  of  functions 
H  gp  converges  pointwise,  almost  everywhere.  From  this  we  conclude 
convergence  in  measure,  from  which  in  turn,  using  Egorov's  theorem, 
[E2,b  ],  we  conclude  uniform  convergence  on  the  complement  of  an 
exceptional  set  of  measure,  say  l/n.  Let  S^^^  ^^x^otQ   this  set. 

I 

2 
Then  clearly  the  family  of  functions  g-j^H^g^  converges  uniformly 

on  S   /I  S  ,  .  Finally  to  ensure  condition  c,  we  form  a  monotone 
n-^  a    n » D 

sequence  from  these  sets,  by  'defining 
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n 


Then,  clearly  this  family  of  sets  satisfies  the  conditions  a,b, 
and  c.  Finally  we  set 

and  maintain  that  this  set  satisfies  the  conclusion  of  the 
lemma.  For,  from  statement  c,  we  see  that  >'  is  dense.  Then 
from  statement  b,  we  infer  the  validity  of  relation  (I-9)«  For, 
insertion  of  relation  (I-IO)  in  (1-9)  yields 

^-11  ^^irn^^^s^*^^  "  =  -  ^tei^fi?nf6As2^^^  • 

Note  that  the  right  side  of  this  equation  is  an  Z^{}\,  '\\  )   inner 

product.  Also  note  that  according  to  statement  b,  the  family  of 

fiinctions  gnH^g^  converge  uniformly  on  S  ,  thus  the  corresponding 
ice:  n 

p 

family  of  operators  [g-.H^gp]  converges  in  the  operator  norm  on 
£p(A/S  ,  ^n  ) •   From  this  fact,  in  view  of  the  uniform  boundedness 
of  the  family  of  operators  H  ,  we  conclude  that  the  expression 
in  (I-ll)  admits  a  limit  which  is  i.iniform  in  r).   This  establishes 
the  lemma. 

Now,  from  the  lemma  we  can  easily  derive  the  proposition.   For, 
as  noted  earlier,  the  lemma  implies  that  the  family  of  forms 
entering  the  ight  side  of  (1-6)  converges  on  ~)j   moreover  the 
limit  is  obtained  by  setting  e  =  0.   On  the  other  hand,  from  the 
local  gentleness  of  G  we  conclude  that  the  family  of  operators 
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which  can  be  identified  with  the  family  of  forms  C|~gG  converges 
strongly  to-   C'l  G.   From  this  fact  and  from  the  boundedness  of  the 
operator  C'r~G*  we  conclude  that  the  family  of  operators  C]  gG*  ("gC  C 

converges  strongly  to  the  operator  CT~G-T~G  C,  Therefore,  the 
family  of  forms  C|  ^G«|   G  C  converges  to  the  form  defined  by  the 
Umit  operator.  This  establishes  the  proposition. 
Remark 

The  key  fact  in  the  proof  of  the  proposition  is  stated  in  the 
lemma,  which  refers  to  forms  in   (^  ^,,^.  The  local  gentleness 
of  G  was  used  inasmuch  as  we  used  the  fact  that  the  operator 
C|  ^G  converges  strongly  to  the  operator  C|  G.   Now  in  case  G 
is  non  locally  gentle,  it  may  happen  that  one  has  strong 
convergence  on  some  subspace  of  £,p(X,  h  )•      Iri  this  case,  the 
product  identity  holds  on  the  corresponding  subspace.   We  shall 
make  use  of  this  fact  in  the  next  Appendix. 
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Appendix  II 

Arbitrary,  selfadjolnt  pert-urbatlons  of  finite  rank. 

According  to  a  theorem  of  T.  Kato,  [   A5  ] ,  uinder  a  trace  class 
pertiirbatlon  the  absolutely  continuous  parts  of  the  perturbed 
and  unperturbed  operators  are  unitarily  equivalent.  He  also 
showed  that  a  unitary  transformation  establishing  this  equivalence 
can  be  obtained  as  the  limit  of  ''wave  operators''.  Later  L. 
de  Branges  gave  another  construction,  [  A5  ],  of  such  a  unitary 
transformation,  using  his  theory  of  ' 'Hilbert  spaces  of  entire 
functions''.  Thus  under  a  trace  class  perturbation  spectral 
transformation  for  the  absolutely  continuous  part  of  the  disturbed 
operator  are  well  known. 

The  content  of  this  appendix  is  the  observation  that  for 
arbitrary  selfadjolnt  pert\irbatlons  of  finite  rank  the  bilinear 
form  U^  Introduced  in  (5»12)  is  bounded  on  the  absolutely 
continuous  subspace  of  M+K.  Furthermore  the  transformation 
identified  with  it  is  a  spectral  transformation  of  the  absolutely 
continuous  part  of  M+K  over  the  Interval  [(bj^i'b^].     We  shall 
establish  this  fact  analogously  to  the  way  v/e  established  ithat  \irider 
the  conditions  of  Section  5,  the  form  Ug  could  be  identified  with 
the  spectral  transformation  of  the  entire  opera t<5r  M+K.  - 

We  start  with  the  following  version  of  the  resolvent  loop 
integral  formula. 
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Lemma  1 , 

Let  A  be  an  arbitrary  strictly  selfadjoint  operator  vflth  resolvent 
R(z).  Then  there  exists  a  coimtable  set  of  vectors  i^*  {    which 
Is  dense  in  the  absolutely  continuous  subspace  of  A  and  is  such 
that  for  an  arbitrary  fixed  vector   f  .  and  measurable  set  S, 

(11. 1)  (f.,  E(S)f  )  =  lim    Af.,(R(x+l£)  -  R(x-l£))f  .)dx   . 

We  shall  show  that  this  relation  is  a  consequence  of  the  countable 
additivity  of  the  spectral  projectors  and  of  the  following,  simpler 
statement: 
Lemma  2. 

Let  A  be  the  operator  appearing  in  the  previous  lemma  which  acts 
on  the  abstract  Hilbert  space  y7  .  Then  there  exists  a  countable 
set  of  vectors   /  f  •  ?  vJhich  is  dense  in  the  absolutely  continuous 
subspace  of  A  and  is  such  that  for  any  fixed  vector   f  .,  the 
family  of  numerical  valued  functions 

(11. 2)  (f.,  (R(x+i£)  -R(x-i£))f  ) 

J  J 

admits  a  bound  in  x£[-ao,  -Ho]  which  is  loniform  in  s. 
Proof.  Let  Eg  denote  the  spectral  projector  of  A  over  the 
interval  (-co,y).  Then  we  maintain  that  there  is  a  countable  set 


of  vectors,  /  f  .\  ,  which  is  dense  in  the  absolutely  continuous 
subspace  of  ^j'/abg'    and  is  such  that  for  fixed  /f  .  V  the  function 


(II. 3)  dif.,E,S.) 

dy 

is  bounded. 


80 

For,  let  V  be  a  spectral  transformation  of  the  absolutely  con- 
tinuous part  of  A.   That  is  V  is  a  unitary  transformation  which 
maps  jc?  abs'  °^^°  ^°"^®  J^2^^'  ^^-^j  ^  space  in  such  a  way  that 

A  =  V*MV  on   ^  ,   , 
■J  <^  abs  ' 

where  M  is  the  multiplication  operator  on  LA\,  \ui\) ,      Now  let 

^v.]  be  an  arbitrary  dense  family  of  bounded  continuous  functions 

J 

in  SiA'K,\ui\).  Then  we  claim  that  the  family  of  vectors  V*v .  in 
fl  ,  which  is  clearly  dense  in  S7abs  satisfies  relation  (II-3). 
For,  since  V  is  a  spectral  transformation  of  A,  we  have 

VEyV  =  Cy  , 

where  C  is  the  operator  of  mult,  by  the  characteristic  function 
of  (-00  ,y).  Hence 

-  h   '^J'Vj'  '   W  /  (Vj(x),v.(x))dX(x)  <_   (Vj(y),Vj(y))  . 

-CD 

Thus  the  vectors  V  v,  satisfy  relation  (II-3). 

Next  we  maintain  that  the  family  of  functions  the  vectors 

satisfy 

(fj,(R(x+ie)  -R(x-ie))fj) 

remains  bounded  uniformly  in  e.  For,  according  to  the  theorem  on 
spectral  resolution 


hence 


'^  d(f,,E(y)fJ 


(f.,(R{x+ie)- R(x-ie))f,)  =  21  /   V" ?  * ^-l^r ^  ^y 


-00 


V  '•,'■•' 


f . 


'       .  -  -^ 


\-:\ 


•  rt 
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Finally  inserting  the  definition  of  the  vector  f  .,  that  is  (IIr3)» 
in  this  relation,  and  considering  the  fact  that 


00 


00 


we  obtain  the  validity  of  the  lemma. 

Next  we  tvirn  to  the  proof  of  the  original  lemma.  First, 
note  that  in  view  of  the  assumption  f .  s     ,  ,  for  fixed  f  .,  the 
set  function  appearing  on  the  left  side  of  (II-l)  is  continuous  ■•■ 
with  respect  to  the  meas\ire  X.   On  the  other  hand,  from  Lemma  2 
we  conclude  that  this  is  also  true  about  the  right  side.  From 
these  facts,  in  turn,  and  from  the  fact  that  a  measurable  set 
can  be  approximated  from  above  by  an  open  set  and  from  below 
by  a  closed,  we  conclude  that  it  suffices  to  establish  (II-l) 
for  open  and  closed  sets  only.  Finally,  in  view  of  the  fact 
that  in  case  S  is  an  Interval  formula  (II-l)  yields  the  original 
76rBicn:0f  the  loop  Integral  formula,  it  suffices  to  establish  it 
for  open  sets  only. 

Accordingly,  let  S  be  an  open  set  and  write  it  as  a  countable 


^y 


union  of  disjoint  open  intervals,  say  S  =  '^n*   Next  set 

Where  the  linion  Is  taken  over  those  Intervals  whose  length  is  at  leas't- 

1/n.   Now  each  of  the  sets  S  is  the  finite  union  of  intervals 

n 

and,  therefore,  the  resolvent  loop  integral  formula  [  E2,c]  yields. 
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(11^4)    {f.,E(S^)f.)  =  lim   ^  r  (f,,{R(x+le)-R(x-ie))f,)dx  . 

On  the  other  hand,  the  countable  additivlty  of  the  Lebesgue 

measure  yields 

A(S)  =  11m  A(S^)  , 
n 

which  in  turn,  in  view  of  f .  e  j2ov,sj  yields 

(f  ,E(S)f  )  =  lim  (f  .,E(S  )f  )  . 
J      J     «.    J    *'   J 

Upon  inserting  (II-4)  in  this  relation,  we  obtain; 
(f,,E(S)f,)  =  lim  (f  .,E{S  )f .)  = 

=  lim  lim -i  /  (f  ,R(x+ie)-R(x-ie)f  )dx  . 
n   e      "c 
^n 

Now  clearly  the  iterated  limits  of  the  expression  on  the  right 

side  exist,  moreover  we  conclude  from  Lemma  2  that  the  n-limlt  is 

uniform  in  e.  Therefore,  the  order  of  limits  in  (II-5)  can  be 

interchanged,  hence 

(f,,E(S)f,)  =  lim   -5—  /  (f,,R(x+ie)-R(x-ie))f,)dx  , 
J      J    e— >+0  ^  J         3  J 

that  is  relation  (II-l)  has  been  established. 

Next  we  return  to  our  specific  operator  and  shall  establish 
an  analogue  of  Lemma  5*2  which  stated  that  under  the  conditions 
of  Section  5,  on  a  dense  set  of  functions  the  perturbed  resolvent 
could  be  continued  weakly  on  the  interval  [6,,6p].  For  arbitrary 
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self ad joint  perturbations  of  finite  rank  this  is  no  longer  true, 

all  that  one  can  claim  is  that  the  measure  of  the  ''exceptional  set'' 

is  arbitrarily  small.  More  specifically  we  have  the  following: 

Lemma  II -3 

Let  [5 -1 » 5p ]  be  a  boimded  interval,  K  an  arbitrary  selfadjoint 

operator  of  finite  rank  and  let  M  be  the  multiplication  operator 

on  £  {y^,^).     Then  to  every  countable  set  of  functionsff  .^  there 
2  --^ -^-3y-^ 

is  a  family  of  subsets  of  [5.. ,  &^] ,   /S  (  ,  which  approximate 

the  interval  in  measure  and  are  such  that  for  fixed  f  .,  the  family 

of  functions, 

{fy    (R(x-i-ie)  -  R(x-i£))fj) 
c  onverges  uniformly  on  each  of  the  sets  S  a  s  _£— M:0 . 
Proof.   According  to  Lemma  5.1, 

(fj,R(x+i£)f^.)  =  (fj,RQ(x+i£)f^)  + 

(II-6)  +  ^  A-^^^^(x+i£)(f^.,R^(x+i£)Kk^)(R*(x+i£)Kk^^fj.). 

Then  from  the  definition  of  the  perturbation  matrix  A,  (x+is), 

"^m 

that  is  from  equation  (5.1)  we  see  that  the  matrix  elements  are 
Hilbert  transforms  of  Integrable  functions.  Hence  the  matrix 
elements  converge  almost  every^.vhere  as  £— >+0.   Prom  this  fact, 
from  the  fact  that  according  to  S.T.  Kuroda,  the  limit  matrix 
is  almost  everywhere  invertible,  [a8],  and.  from  Egorov's  theorem. 
we  conclude  the  existence  of  a  set  S  ,  ,  such  that: 
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moreover  the  fiinctions  A"   (x+ie)  converge  vmiformly  on  this 

set.   Similarly,  using  again  that  R  is  the  resolvent  of  the 

multiplication  operator,  we  see  that  the  factors  entering  (II-6) 

are  Hilbert  transforms  of  integrable  functions.   From  this  we 

conclude  as  above,  the  existence  of  a  set  S   .,  such  that: 

n,  J 

moreover  the  other  two  terms  under  the  5^  -  sign  in  (lI-6  ) 
converge  ;miformly  on  this  set.   Finally,  let 

00 

^n  =2n,k    .Q  Sn,J      ^  =1.2,...     . 

Then  clearly  on  each  of  these  sets  the  left  side  of  (II-6) 

converges  uniformly  and  these  sets  approximate  the  interval 

[5-,6p]  in  measure,  that  is 

lim  A  (S^)  =  A[53_,02]. 

This  establishes  the  lemma. 

Finally  we  shall  establish  the  statement  concerning  the 

spectral:  transformation  of  the  absolutely  continuous  part  of 

M+K.  First,  however,  let  us  recall  from  Section  3  that  for 

arbitrary  self ad joint  perturbations  of  finite  rank  the  Friedrichs* 

equation  admits  a  solution  Q  in  (^' ■      .      Thus  |  Q  is  a  densely 

aux 

defined  form.   Then  we  recall  that  the  computations  of  Section  5, 
which  showed  that  under  appropriate  conditions, 

(5.11)f  {f,E.f)  =  (f,  (l+rQ)*C5(l+rQ)f) 

were  based  on  the  following  two  facts:   a)   under  the  conditions 
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of  Section  5,  the  family  of  functions  on  the  right  side  of  (II-6) 

converge  uniformly  on  the  interval  [6,,5p],  b)   the  resolvent 

loop  integral  formula  was  applicable  to  the  interval  [o,,Op]. 

Now  in  the  present  case,  that  is  in  case  of  an  arbitrary 

selfadjoint  perturbation  of  finite  rank,  these  statements  do  not 

necessarily  hold  on  the  entire  interval  [o,,5p3.   Nevertheless, 

in  view  of  lemmas  1  and  3  they  do  hold  on  any  of  the  sets  S 

entering  Lemma  3*   From  this  fact,  and  from  the  fact  that  the  sets 

/s  {    approximate  the  interval  in  measure,  we  conclude 

(II-7)  (fi>E-f .)  =  (f .,(i+rQ)*c.  (i+rQ)f.), 

-N  J        -*    J  J  ^  J 

where  jf.L    is  the  set  of  functions. entering  Lemma  1.   From  this 
relation,  in  turn,  and  from  the  fact  that  the  set  of  functions 

)f  .  (  is  dense  in  the  absolutely  continuous  subspace  of  M+K, 
we  conclude, 

E.-P  =  (l+pQ)*  Md+PQ), 
in  the  same  manner  as  equation  (5-13)  was  derived  from  equation 
(5.11).  Finally,  recall  that  in  Lemma  5«^j  we  described  the 
final  set  of  the  transformation  l+pQ  and  that  the  product  identity 
was  the  key  fact  in  the  proof.   Now  according  to  the  remark  of 
the  previous  Appendix,  the  product  identity  remains  true  on  a 
subspace  for  possibly  non  locally  gentle  operators  provided  that 
the  form  |  Q  remains  bounded  on  this  subspace.   In  view  of  •(■  II -7  ) 
this  is  the  case  for  1+|  Q  on  the  absolutely  continuous  subspace 
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of  M+K.  These  facts  show  that  vinder  the  present  conditions 
the  final  set  of  l+fQ  is  also  £„(X,)7  ).   Therefore,  summarizing 
these  statements  we  obtain: 

Let  K  be  an  arbitrary  selfadjoint  operator  of  finite  rank  and 
let  Q  in  (^^       be  the  solution  of  the  Friedrichs'  equation 
defined  by  (3.3)  and  (3.6).   Then  the  form  1+(~Q  is  bounded  on 
the  absolutely  continuous  subspace  of  M+K,  moreover  the  trans- 
formation identified  with  it  is  a  unitary  transformation  which  _ 
carries  this  part  of  Vi-rli   3nto  the  operator  of  M. 
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Appendix  III 

A  stronger  version  of  the  basic  Lemma  3-1' 

In  this  appendix  we  shall  show  that  a  necessary  and  sufficient 
condition  for  the  point  x  In  [5,,5p]  to  be  a  polntelgenvalue  of  M+K 
on  ^ (a| [5^,62],a-l,A,  J2  )  is  that  det  A{x^)  =  0. 

The  sufficiency  of  this  condition,  Is  the  statement  of  the 

original  formulation  of  Lemma  3.1.   The  necessity  of  this  condition 

can  be  verified  by  a  straightforward  algebra  that  we  are  going  to 

do:  accordingly  assume  that 

(III-l)      (M+K)g  =  x^g  and  g  e /^  ( (a| [6^,62] ,a-l, A,  fp)    , 

from  which  we  Infer 

A^k^(x)(kj_,g)+  .  ..  +  \k^(^)(k^,g) 


(III-2)        g(x)  = 


^o-^ 


where  the  Inner  products  refer  to  Z^i'^^jj^  )•      Next,  taking  the  inner 

product  of  the  function  g  with  each  of  the  functions  k.  yields  the 

following  system  of  linear  equations: 

r  { k,  ( X ) ,  k^  ( X ) ) 
^^^\J  x-x^ dA(x)(k,,g) 

r  (kT(x),k^(x)) 
^'■'■'^\J  x-x" dA(x))(k^,g)  =  0 


r  (k,(x),k^(x)) 
^hj  x-x^ ciA(x))(k,,g) 

p  (k  (x),k  (x)) 
+  ...+  il+\J        ""     ^_/ dA(x))(k^,g)  =  0  . 

Now  the  matrix  of  this  system  is  the  real  part  of  the  matrix  A(x  ) 
introduced  in  (3.7).   Thus  the  vector  |_(k.,g)]  in  Z  Is  in  the 


i  ■'?-?i: 
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nullspace  of  the  real  part  of  A(x  ).   Next  we  claim  that  this 

vector  is  also  in  the  nullspace  of  the  imaginary  part  of  A(x^). 

For,  by  assiamption  g  is  in^aj  [5,  ,5^],  a-1.  A,  T)  )   hence  it 

blows  up  near  x  at  most  as  (x-x^)   .  Therefore  the  nxomerator  of 
^       o  o 

g  vanishes  at  x  ,  that  is 

^A^^o^^^l'S)  +  ...  +  ^n^n^^o^^^n'S)  =  0- 
Next,  taking  the  inner  product  of  this  equation  with  each  of  the 
vectors  k.(xQ)(in  ,r»  ,  yields, 

A,(k[(x^),.k^(xQ)(k^;g)  +.  ..•  +'Aj^(ki(x^),k^{x^))(k^,g)  =  0 
i  =  1,2, . . .n. 
Now  in  view  of  the  definition  of  A(Xq),  that  is  in  view  of  (3»7)* 
the  above  equations  show  that  the  vector   |  (k.,g)  f  is  in  the 
nullspace  of  the  imaginary  part  of  A(x  ).  This  completes  the 
proof  of  the  statement  that  the  nullspace  of  A(x^)  is  non  trivial, 
and  the  fact  that  det  A(x  )  =  0  is  a  necessary  condition  for  the 
point  X  in  [6,,5p]  to  be  a  pointeigenvalue  of  M+K  ory-S. 
Remark 

Relation  (111-2)  shows  that  if  x  in  [6,,o-]  is  a  pointeigenvalue 
of  M+K  on  £p(A, )l  )  then  it  is  also  a  pointeigenvalue  of  M+K 
on^al  [6,  ,6p],  a-l,A,  j'?  ).   Thus  Condition  ['6^,6^],   which 
requires,  that  the  set  of  pointeigenvalues  of  M+K  on  2fe  should 
be  disjoint  from  the  interval  [o,,Op],  requires  in  particular, 
that  this  also  holds  for  the  operator  M+K  on  ZA'K,  ^1  )  >      In 
general  it  requires  more,  however,  there  is  a  particular  case  in 
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which  the  two  conditions  are  equivalent.   This  is  the  case  of 
exponent  a  >  1/2.  For,  for  such  values  of  a,  we  evidently  have 
in  inclusion: 

^  (a|  [5^,52],a-l,?v,  ^S  )  c  Z^Ch,  jp  )  . 

Therefore,  in  this  case  the  intersection  of  the  set  of  point- 
eigenvalues  of  M+K  on  Si^i^^,  V2  )  with  the  interval  [5-,5p]  equals 
intersection  of  the  set  of  point  eigenvalues  of  M+K  on  f)3    with 
the  interval  [5,,5p], 

Combining  this  fact  with  the  present  lemma  we  obtain  that 
the  intersection  of  the  set  of  pointeigenvalues  of  M+K  on  ^   or 
M+K  on  £o,  with  the  interval  [6,, 6^]  equals  the  intersection  of 
the  set  of  zeros  of  det  A(x)  with  the  interval  [6,,6g]. 


\       ■;   r- 
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APPENDIX  IV 

Lemma  1 

Suppose  that  the  accessory  space   is  finite  dimensional 
and  that  G  is  In   CF(a,0,  h  ).   Then  the  operator 

(xy)"^'  G(x,y) 
Is  the  sum  of  a  gentle  operator  and  a  locally  gentle  operator 
of  finite  rank,  for  every  P  <  mln  (a,  1/2). 

First  consider  the  case  in  which 

G{x,y)  =  0  for  x  =  0  or  y  =  0. 
Then  using  that  according  to  Nuskhellsvili, f [El,b  ], 

Ix^'fx+h)"   -X   11  <   h   "'' 
a  straightforward  algebra  shows  the  validity  of  the  lemma. 

Next  consider  the  esse  in  which  G(x,y)  has  compact  support, 
and  let  c  be  a  continuously  differcntiable  fvmction  with  compact 
support  such  that  G(x,y)  =  c(x)c(y)G(x,y) .   Set 
(xy)'pG{x,y)=(xy)"^c(x)c(y)[G(x,y)-G(0,y)-G(x,0)+G(0,0)] 
(IV. I)      +  {xy)"^c(x)c(y)[G(0,y)+G(x,0)-G(0,0)]. 
Then  the  first  kernel  vanishes  for  x=0  or  y=0  and  we  see  that  it 
is  in  (^  {a-^,^ ,  h    )•   On  the  other  hand,  by  assumption,  the 
accessory  space   is  finite  dimensional  hence  the  second  kernel 
defines  an  operator  of  finite  rank  and  evidently  it  is  locally 
gentle. 

Finally  let  G  be  en  arbitrary  operator  in  (h  [ct,^,\  7   ),  and 
set 
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(xy)'^G(x,y)=(xy)''^c(x)c(y)G(x,y)+(xy)"^(l-c(x)c(y))G(x,y). 

Then  in  view  of  (IV.l),  the  first  term  is  the  sum  of  a  gentle 

operator  in  (^(a-P,f'-'j  J]  )   and  a  locally  gentle  operator  of 

finite  rank,  and  clearly  the  second  term  is  gentle.  This  establishes 

the  lemma . 

Lemma  2 

Suppose  that  G  is  in   (^(c>^,  77  )  and  that  the  function  f  in 

£p(/|  )  is  gentle  over  [5..  ,5^]  with  exponent  a.     Then  the  fvinction 

1  Gf  in  £p(>v,y")  )  is  gentle  over  the  same  interval  with  the  same 

exponent. 

According  to  [  ^5   ],  '\~q   is  a  bounded  operator  on  ■C.pC  )"(  )» 
thus  for  every  Z^   function  f,  fGf  is  also  in  £.p. 

Following  Priedrichs,  we  shall  establish  the  gentleness  of 
this  function  by  introducing  an  auxiliary  function  of  two  variables, 
{IV-2)       F(U,x)  =  rM|z^  ffy)dy  +  lir   G(u,x)f(x)  . 
Note  that  if  G  denotes  the  function  obtained  from  G(u,y)  by 


t  I 


freezing  the  variable  u' ' ,  then  this  equation  can  be  written  as 


(IV-3)        F(u,x)  =  H^[G^]f(x)   ; 

remembering  that  [G  ]  is  the  multiplication  operator  associated 

with  the  function  G  .   Next  set 

u 

A^f(x)    =   (f(x+h)    -  f(x-h))(2h)"^ 


(IV-4)  {f\    =  sup  f(x) 


b_<Xj<Op 


f|l  =  max     jiff,      sup  f'A.fP)     • 


■(*:)o 


-'(^k) 
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Then  using  these  notations,  we  have  the  following  version  of  the 

Plemelj-Privalov  theorem:  To  a  given  positive  number  p  there  is  a 

number  K     such  that  for  every  function 
P 

(IV-5)  llH+fllcx,pi%llfll„,p    • 

This  theorem  can  be  established  in  the  same  way  as  a  slightly 

different  version  of  the  Plemelj-Privalov  theorem  was  established 

by  J.  Schwartz  in  Lemma  3*2  of  [     ]. 

Next  consider  the  function  F(u,x)  introduced  in  (IV-3).   Let 

A,   be  the  operator  in  {IV-4)  acting  on  the  first  variable  of  F  and 

let  A   act  on  the  second  variable.  Then  with  respect  to  the  first 

variable,  one  can  take  Holder  quotients  under  the  integral  sign  in 


{IV-2),  In  other  words,  the  operator  A,   and  H.  commute;  thus 

^1 

I\«+tGu5f|    =   |H+t\Gulf|    • 
Noi-i  according  to  the  definition  of  the  gentleness  norm  in 

ll\^ulla,plll«lla- 
Therefore  (IV-5)  yields 


IVVJfl   i'Vll°llallflla,p   • 


Since  this  relation  holds  for  every  value  of  h,  we  conclude  from 
it  that  the  function  F(u,x)  =  H  [G  ]f(x)  is  Holder  continuous  in  u 
over  the  interval  [6,,6p],  and  also  over  a  slightly  larger  inter- 
val.  On  the  other  hand,  the  Holder  continuity  of  this  function  in 
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X  follows  directly  from  (IV-5).  Therefore,  the  function  which  we 
obtain  from  F(u,x)  by  setting  u  =  x  is  also  Holder  continuous  on 
the  interval  [5^,62],  and  also  on  a  slightly  larger  interval. 
This  establishes  a  lemma. 

We  shall  also  need  a  description  of  the  function  |~Gf  in 
case  f  is  in  J^  (a\[b^,b^]  ,7,  )2  )   with  -1  <  7  j^  0,  which  roughly 
speaking  means  that  f  is  Holder  continuous  in  [5,,5p]  and  at  some 
point  of  this  interval  it  blows  up  like  the  fractional  power  y, 

In  this  case,  instead  of  relation  (IV-5),  one  needs  an 
estimate  of  Muskhelishvili,  describing  H_^  acting  on  such  functions, 
[El,c].  Then  an  argument  similar  to  the  one  used  in  establishing 
the  present  lemma,  yields  the  following 
Lemma  3 

Suppose  that  G  is  in  (^  (a,P,  3?  )  and  that  f  is  in 
^ (a| [61 ,6^],y,  ^   ).  Then  the  function  pGf  is  in  the  same 
space  ^    . 
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